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1 Introduction 

The Colrnez conjecture, proposed by Colrnez [Col], is a conjecture expressing the Faltings 
height of a CM abelian variety in terms of some linear combination of logarithmic derivatives 
of Artin L-functions. The aim of this paper to prove an averaged version of the conjecture, 
which was also proposed in [Col]. 

1.1 Statements 

First let us recall the definition of Faltings heights introduced by Faltings [Fal]. Let A 
be an abelian variety of dimension g over a number held K, and A the relative indentity 
component of the Neron model of A over Ok- Assume that A is semi-abelian. Denote by 
fl(M) = Lie(M) v the sheaf of invariant differential 1-forms on A. Let uj(A) be a metrized 
line bundle over Spec Ox, whose finite part is defined as 

ui(A) ■= det 

and whose metric || ■ ||„ at each archimedean place v of K is given by 

[ |a A a|, atuj(A v ) = T(A v ,n 9 Av ). 

y£7TJA V { C) 

Then Faltings [Fal, §3] defines a moduli-theoretic height h(A) by 

h(A) := IaVqI^ n{Ay 
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Since A is semi-abelian, this height is invariant under base change. 

Now let us state our main result as conjectured by Colmez. Let E be a CM held of 
degree \E : Q] = 2 g, with the maximal totally real subheld F and a complex conjugation 
c : E -* E. Let <f> c Hom(i?,C) be a CM-type, i.e., a subset such that $ n <L C = 0 and 
<f> u <f> c = Hom(£',C). Let A$ be a CM abelian variety over C of CM type (0 E ,&). By the 
theory of complex multiplication, there is a number held K in C such that ^4$ is defined 
over K and has a smooth and projective integral model A over 0 E - Colmez proved that 
the height h(A§) depends only on the CM-type 4>. Thus we may denote this height by 
He gave a conjectured formula ([Col, Thm. 0.3, Conj. 0.4]) about the precise value 
of this height in terms of linear combinations of logarithmic derivatives of Artin L-functions 
determined by <f>. When E/Q is abelian, the conjecture was proved up to rational multiples 
of log2 in the same paper, and later the rational multiples were eliminated by Obus [Ob], 
When [E : Q] = 4, the conjecture was essentially proved by Yang [Yan]. 

The goal of this paper is to prove the following averaged formula for general CM fields. 

Theorem 1.1. Let E/F be a CM extension, r\-r\ E j F be the corresponding quadratic char¬ 
acter of Ap, and d F (resp. d E / F ) be the absolute discriminant of F (resp. the norm of the 
relative discriminant of E/F). Then 




lL' f (0,ri) 
2 L f (0, r,) 


- log (d E / F d F ), 


where $ runs through the set of all CM types of E, and Lf(s,r /) is the finite part of the 
completed L- function L(s,rj). 

The averaged formula was explicitly stated in [Col, p. 634] with some typo. Note that 
we use a different normalization of the Faltings height. 

Theorem 1.1 is a direct consequence of Theorem 1.4 and Theorem 1.5 below. The proof 
of each of the latter two theorems forms a part of this paper, so this paper is naturally 
divided into two parts. Theorem 1.4 and its proof in Part I are due to S. Zhang; Theorem 
1.5 and its proof in Part 11 are due to X. Yuan. 

Remark 1.2. A proof of the averaged formula modulo log 2 has been announced by Andreatta, 
Goren, Howard and Madapusi-Pera in [Ho], More precisely, they have proved 

1 1 L'JQ,r /) i 

7 ?' l(4) = "2iyoyj - pog(d EIF d F ) + a 2 log2 

for some 02 e Q, and 02 is bounded in terms of g. Our proof is different from theirs in that 
we use neither high-dimensional Shimura varieties nor Borcherds liftings. 


Andre—Oort conjecture 

Combining with the recent work of Tsimerman [Ts], either Theorem 1.1 or the result of [Ho] 
implies the following Andre-Oort conjecture. 
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Theorem 1.3 (Andre-Oort conjecture). Let X be a Shimura variety of abelian type over 
C. Let Y c X be a closed subvariety which contains a Zariski dense subset of special points 
of X. Then Y is a special subvariety. 


1.2 Faltings heights 

Part I (§2-§5) of this paper is devoted to reduce Theorem 1.1 to a Gross-Zagier type formula 
on quaternionic Shimura curves. In the following, for quaternionic Shimura curves, Hodge 
bundles and CM points, we will use the terminology of [YZZ, §1.2, §1.3, §3.1] 

Fix a CM extension EjF as above. Let B be a totally definite incoherent quaternion 
algebra over A := Kp. Assume that there is an embedding Ap ^ B over A and fix one 
throughout this paper. For each open compact subgroup U of By, we have a Shimura curve 
Xjj, which is a projective and smooth curve over F. Let X be the projective limit of Xjj. 
Then X has a right action by By with quotients XjU = X\j. 

Assume that U - n U v is a maximal compact subgroup of By containing Of. Then Xjj 
has a canonical integral model Xu over Of. Let Cjj be the arithmetic Hodge bundle of Xu, 
whose hermitian metric at an archimedean place v is given by 

\\dz\\ v = 2Im(A) 


with respect to the usual complex uniformizations by coherent quaternion algebras. See §4.2 
for the constructions of Xu and Cu- 

Let P e Xu(E ah ) be the image of a point in X E * . It has a height defined by 


hcu(P) ■■= 


[ F(P):F] 


deg(£t/|p), 


where P denotes the Zariski closure of the image of P in Xu- The first part of our paper is 
to relate this height to the average of the Faltings heights of CM abelian varieties. 


Theorem 1.4. Let d b be the norm of the product of finite primes of Of over which B is 
ramified. Assume that there is no finite place of F ramified in both E and F. Then 

±'£h($)Y h Zv (P)- 1 -\og(d,d F ). 


We prove this theorem by the following several manipulations of heights. 


Decomposition of Faltings heights 

Let K c C be a number field containing the normal closure of E such that any CM abelian 
variety by Op has a smooth model over Op. Let A/I\ be a CM abelian variety of type 
(Oe,&) and A/Op be the smooth projective integral model. We want to decompose the 
height /r($) into a sum of g terms h( < h,r) indexed by r e <F. We will show that this height 
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depends only on the pair (<3>,t) in Theorem 2.2, and then denote it as /i($,r). In Theorem 
2.3, we obtain 


/*($)-5>($,r) 

re<I> 


1 

4[£* : Q] 


log 


Here £$ is the reflex field of (17,$) and are certain absolute discriminants of $,$ c . 

Let ($ 1 , $ 2 ) be a nearby pair of CM types of E in the sense that |$i n <h 2 | = g - 1. Let r t 
be the complement of $i n $2 in $, for i = 1,2. Define 


h($i, $ 2 ) 


1 

2 


(/l($l,Ti) + h($ 2 ,T 2 )) 


We will show that this height does not depend on the choice of ($i,$ 2 ) and thus reduce 
Theorem 1.1 to the following equality: 

1 L' f (0,g) 1 

M$i,4> 2 ) = ~ir~TTr\ —\ ~ 

2gL f (0,g) Ag 

We will also show that h(<I>i, $ 2 ) is equal to |h(Ho) for any abelian variety Ho with an action 
by Oe and isogenous to H$ 1 x H$ 2 . See Theorem 2.7. 


Shimura curve X 

The Shimura curves Xu do not parametrize abelian varieties but can be embedded into 
Shimura curves of PEL types over F. First we will construct integral models Xjj following 
the work of Carayol [Ca] and Cerednik-Drinfeld [ ] and define the Hodge bundle Cjj 

(Theorem 4.7). Then we will prove a p-adic Kodaira-Spencer isomorphism (Theorem 4.10) 
which relates the p-adic local heights of points on Shimura curves to the differential forms of 
some canonical p-divisible groups on certain regular model Xq of infinite level. 


Shimura curves X' 

Let ($ 1 , <h 2 ) be a nearby pair of CM types of E. Let F' be the reflex field of $1 + <h 2 . 
Then there is a PEL-type Shimura curve X' defined over F' parametrizing the quadruples 
(A,i,9,n) of an abelian variety A, an action i of Oe on A of type $1 + a polarization 
9 : A — >A f inducing complex conjugation on E, and a level structure n ■ Ob— >T(A). On 
X' there is a point P' representing an abelian variety A 0 which is isogenous to A^ 1 x H$ 2 . 
Thus we need only compute the height of P' with respect to certain hermitian line bundle 
extending the following bundle on X'\ 

N' := N(A, t) = det W(A, t) ® det W(A\ r) 

where A — >X' is the universal abelian variety. By the Kodaira-Spencer map, there is an 
isomorphism 

N' ^ uf,. 

The computation of the height of A 0 is reduced to that of the degree of ojx> for certain inte¬ 
gral and hermitian structure. We will prove an archiemdean Kodaira-Spencer isomorphism 
(Theorem 3.7) in terms of hermitian structures using complex uniformization of X'. 
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Shimura curve X" 

There is no direct relation between the Shimura curves X and X' over the reflex fields, 
even though they have isomorphic connected components over F. We will construct a large 
Shimura curve X" which includes both X' and X. More precisely, X" is isomorphic to 
X x F Y/A(F X ), where Y is a Shimua variety of dimension 0 over F' whose set of F'-points 
is identified with E X \E X . For each prime p' of F, there is a p-divisible group H" on certain 
quotient X!! of X" defined over F u , r , the completion of the maximal unramified extension of 

U fp 

F p f. This group restricts to the p-divisible group n[p°°] on X' Q but is very different than H 
on Xq. In fact their Tate modules are differed by the Tate module of a p-divisible group / 
on Y, see Proposition 5.1. 

The integral model X 0 of X 0 induces an integral model Xfi for X". But there is no natural 
extension of p-divisible group H" over Xfi. Using Breuil-Kisin’s theory [Kil, Ivi2], we will 
construct p-divisible groups TL X " on p-adic points x" on Xfi. We will show that the universal 
deformation of such group is the same as the universal deformation of the group TL X if x" is 
the image of some (x,z) € X x Z. See Proposition 5.3. 

Finally, the computation of Faltings heights of A 0 is reduced to that of the p-divisible 
group T~L" which is equivalent to that of TL, and then to that of the Hodge bundle on X by 
the Kodaira-Spencer maps (Theorem 3.7, Theorem 4.10). This will conclude the proof of 
Theorem 1.4. 


1.3 Quaternionic heights 

Part II (§6-§9) of this paper is devoted to the proof the following height formula on quater¬ 
nionic Shimura curves. Let U = ]!„ U v be a maximal open compact subgroup of B^ containing 
the image of O x E = n w 

Theorem 1.5. Assume that at least two places of F are ramified in B, and that there is no 
non-archimedean place of F ramified in both E and B. Then 


hcu(P) 


L /(M) < i 1q 4 

Lf(,0,v) 2 ^ d E /F 


Here 4 = N(Db) is the absolute discriminant of B. 


We prove this theorem by extending our method of proving the Gross-Zagier formula 
in [ ]. Recall that the Gross-Zagier formula is about an identity between the derivative 

of L-series of a Hilbert modular form and the height of a CM point on a modular abelian 
variety. This formula is proved by a comparison of the analytic kernel Vrl'(0,g,(f)) and 
the geometric kernel 2Z(g, (1,1), cf) parametrized by certain modified Schwartz functions 
(f € S(M x A x ). More precisely, we have proved that the difference 


V(g, fi) - Vrl\ 0, g, - 2 Z(g, (1,1)4), g e GL 2 (A F ) 


is perpendicular to cusp forms. 
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The results for the “main terms” of D{g,(f)) eventually imply the Gross-Zagier formula; 
however, the results of the “degenerate terms” imply Theorem 1.5. To retrieve information 
of these degenerate terms, we need to compute this difference for a wider class of Schwartz 
functions </> than those considered in [ ]. In fact, [ v ] makes some assumptions on 0 

so that the degenerate terms vanish automatically. In the following, we sketch some new 
ingredients of the proof here. 

Analytic kernel 

By the reduced norm q, the incoherent quaternion algebra B is viewed as a quadratic space 
over A = A p. Then we have a modified space <S(B x A x ) of Schwartz functions with a Weil 
representation r by GL 2 (A) x B x x B x . For each <j) e <S(V x A x ) invariant under an open 
compact subgroup U x U of B^ x B^, we have a finite sum of products of theta series and 
Eisenstein series 


I(s,Q,<l>) U = E E 5 (7fl) s E 7(79)^(h,«), 

utji^j\F x 7€P 1 (-F)\SL 2 (-F) X!eE 

where gjj - F x n U, and P 1 is the upper triangular subgroup of SL 2 . 

For the decomposition B = E& + E&), this function is a linear combination of the products 
9(g, (j)i) ■ E(s, g, 0 2 ) of theta series 9(g,(j) i) for some coherent Schwartz functions 4>\ € S(E&), 
and the Eisenstein series E(s,g,4>2) for some incoherent Schwartz functions </> 2 e S(E&j). 
This implies that l(0,g,(j)) = 0. Let VrP(0, g, 0) be the holomorphic projection of the 
derivative at s - 0 of I(s,g,cj)). 

In Theorem 7.2, we give a precise formula for Vrl'(0,g,(f)) under some assumptions of 
Schwartz functions, which particularly includes the following term: 

/ L'{ 0,7?) \ _ _ 

2 T fn \ + tog \d E /Fd F \ E E (i- 3 - 1 ) 

V / nl\F*y*E* 

Notice this term was killed in [ ] by some stronger assumption on Schwartz functions. 

Geometric kernel 

For any cj) £ <S(B x A x ) invariant under U x U, we have a generating series of Hecke operators 
on the Shimura curve Xjj: 

Z(gA)u = Z 0 (g,cj))+w u E E r(g)</>(x,aq(x) 

atF x xtU\M x f /U 

where wjj = |/x 2 n U |, the constant term Z 0 (g,cj)) is a linear combination of Hodge classes on 
Xjj x Xjj which can be neglected in this paper, and every Z(x)jj is a divisor of X v x Xjj 
associated to the Hecke operator corresponding to the double coset UxU. By [YZZ, Theorem 
3.17], this series is absolutely convergent and defines an automorphic form on g e GL 2 (A) 
with coefficients in Pic(Ajy x Xjj) c- 
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Let P = Pu be the CM point of X v as above, and P ^ e Jac (Xu) be the divisor of degree 
zero modified by the Hodge classes. Then we can form a geometric series 


z{g,4>)u - {^{gA)ijPu^ -^) nt , 


where the right-hand side is the Neron-Tate height pairing. 

In Theorem 8.6, we give a precise formula for Z(g , (fr)u imder some assumption of Schwartz 
functions, which particularly includes the following term: 


h) (P,P) 

[0* E : 0* F ] 


E E 

ut[iu\F x 


(1.3.2) 


where io(P,P ) is a modified arithmetic self-intersection number of the Zariski closure P 
on the integral model X v . Notice that this terms was killed in [ ] by some stronger 

assumption on Schwartz functions. 

Theorem 1.5 essentially follows from an identity between (1.3.1) and (1.3.2). To get this 
identity, the idea is to use the theory of pseudo-theta series in §6.2. There is already a basic 
concept of pseudo-theta series in [YZZ], but here we develop a more general theory to cover 
the degenerate terms. 


Pseudo-theta series 

From the explicit formulas in Theorem 7.2 and Theorem 8.6, the difference V(g, 0) is a finite 
sum of the so-called pseudo-theta series : 

Ap\g)= E E ( l ) 's( 9 ^,u)rv(g)(j) s (x,u) 1 g e GL 2 (A), 

u€fj, 2 \F x xeVixVo 


where 

• S' is a finite set of places of F including all archimedean places, 

• /ic Op is a subgroup of finite index, 

• V 0 c V\ c V is a filtration of totally positive definite quadratic spaces of F, 

• (j) s e S(H(A S ') x A S ’ X ) is a Schwartz function outside S, and 

• 4>' s is a locally constant functions on 

Y\(gu(Fv)x(v 1 -v 0 )(f v )xf v ) 

vzS 

with some extra smooth or bounded conditions. 



Notice that a pseudo-theta series usually is not automorphic. But our key lemma 6.1 
shows that if a sum of pseudo-theta series is automorphic, then we can replace them by the 
difference 6 ( 4,1 - 9a, o °f associated theta series: 

9a, 1 ( 9 ) = E Z 

u€/j. 2 \F x xtVi 


9a, 0 ( 9 ) = E Y,' r v 0 (9)<i>s(l,z,u)r Vl0 (g)cj) s (x,u). 

U£fl 2 \F x XtVo 

Since the weights of these theta series depend only on the dimensions of there is a 
vanishing of some sums of theta series grouped in terms of dim V*. 

Combining Lemma 6.1 for V(g,(p) with some local computation gives the following iden¬ 
tity for the self-intersection of CM points P (Theorem 9.1): 


1 L' f (0,ri) 1 

This is essentially the desired identity between (1.3.1) and (1.3.2). Now Theorem 1.5 follows 
the following arithmetic adjunction formula (Theorem 9.3): 


— io (p,p)=-h z (p), 


[OJ : OS] 

which will be proved by explicit local computations. 
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Part I 


Faltings heights 

The goal of this part is to prove Theorem 1.4. Throughout this part, we fix a quadratic CM 
extension E/F. 

2 Faltings heights 

In this section, we will first decompose /i($) into a sum of local components /i($,r) for each 
r e $. See Theorem 2.3. This is done by using a hermitian pairing between 12(A$) and 
12(A$). Then we define the height /i($i, $2) for a nearby pair ($ 1 , $2) of CM types of E (in 
the sense that < 3 >i n $2 has g - 1 elements) as the average of two heights h(<&i,Ti), where r t is 
the complements of $1 n $2 in < 3 q. We will end this section by showing that /i($i, $2) can 
be computed by any abelian variety isogenous to the product of two CM abelian varieties 
with CM types $1 and <E> 2 . 

2.1 Hermitian pairings 

Let A be a complex abelian variety with space 12(A) of holomorphic 1-forms. Then we define 
a metric on the line u(A) = det 12(A) by 

11 112 1 r , -1 

ct = -—— / a a a\. 

(2n)9 Ja v ( c ) 

In terms of Hodge theory, this norm is given by the following pairing between det H 1 (A, C) 
and det -Hi(A, Z): 

Ml 2 = -(7^y\( aA ®’ e A)l 

where e A is a basis of detili(A,Z) = if 2g (A, Z). 

Let A t be the dual abelian variety of A. Then we have a uniformization 

A*(C) = H l (A, O a )IH 1 {A, 27t2Z). 

This induces the following canonical isomorphisms 

12(A f ) v - Lie (A*) - H\A,O a ) - H°’\A ) = 12(A). 

Thus we have a perfect hermitian pairing: 

12(A) x 12(A f )—>C. 

The hermitian pairing is functorial in the sense that if 0 : B—>A is a morphism of abelian 
varieties, then we have 

(0*a,/?) = (a,(<^)*/3), a e 12(A), /3 e 12(5*). 
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Here 0*: A* — >B f denotes the dual morphism. 

Taking determinants, this gives a hermitian norm || • || on ui(A) ®u{A t ). Using this norm, 
we obtain the following product formula. 

Lemma 2.1. For any a e det 12(H) and /3 e detf2(H f ), 

||a|| 2 • \\/3\\ 2 = |a ® /3\\ 2 . 

Proof. The direct sum of the pairing 12(H) ® 12(H*)—>C and its complex conjugate give a 
perfect hermitian pairing 

H 1 (H, C) ® l/ 1 (H t , C)—>C. 

This pairing is dual to the canonical perfect pairing 

Hi(A, Z) ® Hi(A*, Z)—>27t2Z 

by the above uniformization of H*. Taking determinants and using the Hodge decomposition, 
we obtain isomorphism of lines: 

u ;(H) ® uJ(H) ® (n(H*) ® uj(A t ) - C. 

This isomorphism is dual to the isomorphism 

det H 2g (A, Z) ® det H 2g (A t , Z)—>(27tz) 2si Z. 


Then we have 


||a || 2 ■ \\/3\\ 2 = (27 r) 29 |(a a a, e A )| ■ |(/3 a 0, e A t)| 

= (27r) _25, |(a ® /3 ■ a ® /3, ® e^*)! = ||a ® f3 1| 2 . 

Here in the last step, we use the pairing (e^e^t) = (27ri) 2 C □ 

Now we assume that H has a multiplication by a field E. Then U is either totally real or 
CM. Let c be the CM involution on E (which is trivial if E is totally real). Then for each 
embedding r : E —>C, we have a projection E ® C—»C, and a r-eigen quotient bundle: 


W(A,t) := 12(H) ®«, T C. 


The action of E induces an action on H 4 , so we define 12(H*) r analogously. Then there are 
decompositions 


fi(A) = 0 W(A,t), tt(A')= © W(A\t). 

t:E — >C r:E —►€ 

The above hermitian pairing between 12(H) and 12(H 4 ) is an orthogonal sum of hermitian 
parings between 1 U(H,t) and W(A t ,rc) for each complex embedding r of E. 
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2.2 Decomposition of heights 

Now we assume that A is defined over a number field K c C with a semi-abelian relative 
identity component of the Neron model A over Ok, that A has actions by the ring of integers 
Oe of a field E, and that K contains the normal closure of E in Q. Then for each embedding 
r : E — >I\, we can define the r-quotient bundle 

W(A, t) ■■= Tl(A) ®o k ®o e ,t Ok- 

The action of E induces an action on A t so we define W(A t ,r) analogously. At each 
archimedean place v of K , there is a norm || ■ ||„ on and 0(^4.*) defined as above. 

Thus we have a metrized line bundle 

Af(A,r) ■= (det W(A,t) ® det W(Af ,tc), || • ||). 

We define the r-part of the Faltings’ height 

h{A,r) = ^deg (Af(A,r)). 

Theorem 2.2. Assume that A has CM by Oe with type $ c Hom(£',/\). Then h(A,r) 
depends only on the pair ( < h,r). 

Proof. Let B be another abelian variety with CM by Oe of type <f>. After a base change, 
there is a dual pair of O^-isogenies over K: 

f : A — >B, f : B l — >A t . 

These isogenies extend to integral models over Ok- 

f : A —/* : B* — >A*. 

They further induce nonzero morphisms of line bundles: 

f* : >W(A,t), f u : W(A 4 ,rc)—>W(^,rc). 

Thus we have a rational map of metrized line bundles: 

ip : Af(B, t )— >Af(A, r). 

Computing the norm of this map gives 

h (A,r)-h(B,T) = - 1 ^ E lo gl^|| P - 

Lp£°°o-:iC^Q p 

Theorem 2.2 will follow from the identity 

n i^ip =i 

cr:K^>-Q)p 
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for each place p of Q. Notice that this identity is compatible with base changes. If p - oo, 
by the above functoriality of the hermitian pairing of invariant forms, it is easy to see that 
ipa- is an isometry. 

It remains to study the product when p < oo. We will use the p-divisible groups M[p°°] 
and B\p°° ] over Ok- For a place a of I\ over a prime p, and an abelian variety X from 
A,A t ,B,B t , we have an identities 

sd(A% - n(x[ P °°]) a , w(x,T) a = w(x[ P °°],T) a . 


Thus we may view p a as a morphism of line bundles induces from p-divisible groups: 

: Af(B[p°°], t)—+J\ f(A\p°°], r). 

Notice that Homo B (^4[p°°], B[p°°]) is an invertible module over Oe, p - Thus we have an 
isomorphism of p-divisible Z p ® Og-modules over Ok- 

l:A[p°°]^B[ P °°]. 


We can use this morphism to identify B[p°° ] with M[p°°], and ^[p 00 ] with A!' \_p °°]. In this 
way, / is an O®^-endomorphism of M[p°°]. Since the Tate module of this group at the 
generic fiber is a free 0/; p -module of rank 1, / is given by multiplication by an element 
a e Oe, p on ^4[p°°], Taking Cartier dueal, f l is given by a e Oe, p A 1 [p °°]. Thus is given 
by the multiplication by (a/a) C7 on the group J\f(A[p°°], r). It follows that 


n i ^ ip 

cr:K-*Q p 


n 


l^crr | 

- - FT - 


l^crrc 

1 1 | 

cr-.K^-Qp 1 

@-Cp(TT | 


i. 


Here c p is an element Gal(Q p /Q p ) which induces the complex conjugation on E via every 
embedding E —>Q P . □ 

By Theorem 2.2, we can denote h(A,r) by /i(<E>,t) if A has CM type (Oe,*!?). hr the 
following, we want to compute the difference: 

re# 

Let E® be the reflex held of $ generated by all <L-traces and t ■ E — >E<s> be the induced trace 
map. Then the action E on the T^-vector space E$ ® qE gives a decomposition into a direct 
sum of E ® iLj.-subspaces: 

E ( j> E — E$ © E$c 

so that the traces of the actions of E are t and t c respectively. In particular E$ and E$c are 
two quotient algebras of E$ ®q E. Let R$ denote the image of Oe$ ® Oe in E$. Denote by 
the relative discriminant of the extension Rq/Oe#, and by the norm of 0$. 

Theorem 2.3. 

h($) - Y, H$,t) = ~ irp 1 —r log(d ( i)d f i,c). 

re# 4 IW# : yj 


13 





Proof. By definitions, we have morphisms 


TG<£ 


it . 


n(^)—>®W(^,rc) 

re<£ 


Thus we have elements 


det (f) e j (£) W(A, r) 1 ® det f2(,4.) 1 , det</>* e ( (^) W(^l t , rc) 1 ® det 1 . 


Ite 3 > 


Ite$ 


This gives a section of the line bundle: 


t\\-i 


£ e (g) N(A, T ) ® (c o(A) ® Lo{A 1 )) 

Vre-I- / 


With metrics defined on these line bundles, we have an adclic metric on i. Now we have an 
identity: 


re<I> 


1 

2[iWQ] 


E E lo gll^llp 

P^°° a:K^Q p 


where 

||4||p = I det 4> a \\p' | detail p 


By the above discussion, it is clear that t has norm 1 at all archimedean places. So we need 
only consider p < oo. 

As a Zp-algebra, Oe, p is generated by one element x € Oe, p , which has a minimal equation 


P(t)= n (t-x a )&Z p [t], x a tK;. 

creHom (E,K) 


Write 

pm = n(f-^ T ) e E*, P [t], p$c(t) = n (t~x r ) e E^ )P [t\. 

T£ <J> re<J> c 

It is clear that i?$,p = OE&, P [t]/P${t). Thus the ideal p of Oe^, )P is generated by A($) p = 

n i<j(x Ti -X T i) 2 . 

To study (p, let us write K„ for the completion of a(K ), O a for the ring of p-adic integers 
in K ai and A a for the model of A over O a . Consider the Hodge-de Rham filtration 

0—fiCA,)— Hf K {A a )-*H\A^O Aa ')-+ 0. 

With respect to the action of Oe, one has that H^ R (A CT ) is isomorphic to O a ®OE- See [Col, 
Lem. II. 1.2]. The other two terms are free CR-modules under which Oe acts with type $ 
and 4> c respectively. 

Lemma 2.4. The above exact sequence of O a ® OE-modules is isomorphic to the following 
sequence: 

n _ O a [t]p*c(t ) O a [t] _ Og[t] _ 

~^P$(t) P(t) ' 
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Proof. It is clear that the middle term agrees with that in the Hodge-de Rham exact sequence, 
that the other two terms are torsion-free with the right CM types under the actions by Oe- 
Then the sequences are isomorphic after base change to K a , and it remains to check that 
the sequence of the lemma is fact. It suffices to check the exact sequence in the middle: an 
element a e O a \t\ divisible by P$c(t) in K a [t] is divisible by P$c(t) in O a \t\. This follows 
from the classical Gauss’s lemma. □ 

Corollary 2.5. There is an isomorphism of (O a ® Oe)- modules 

- O a [t]/P$(t) 


under which x acts as t. 

By this corollary, the evaluation t x t gives an isomorphism 0 T ~ O a . Thus we have the 
following model of (j) a : 


fa'■ O a [t]/$(t) —>0O ff , t '—>(x T :re$). 

r6<J> 

Notice that O a \t]/ ( L has the the basis (1, t, f 9_1 ), and ©$ O a has a usual basis ei,---,e g by 
choosing an ordering (ti,---,t s ). We have 

(det^cr)(l a t a t 2 a ■■■ a t 9_1 ) = ± det((t Tj Y) ■ e\ a a e g - \J A(<h) p ■ e\ a ■■■ a e g . 

Thus finally, we have shown 

| det fa ||p = |A($) P | 1/2 . 

Put everything together to obtain 

E log|A($) p .A($') p | 

T€$ ' VtJ p<oo a:K->Q p 


□ 

By a nearby pair of CM types of E , we mean a pair ($!, <h 2 ) of CM types of E such that 
$1 n <h 2 has order < 7 - 1 . Let t,_ be the complement of n $ 2 hi for i = 1,2. Define 

h($ 1,^2) : = ^ (h($i,Ti) + h(<L 2 ,T 2 )) ■ 


Corollary 2.6. 

2 1 (4-1,$ 2 ) 4 

where the second sum is over non-ordered pairs of nearby CM types of E. 
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Proof. Take average over all types $ in Theorem 2.3 to obtain 




4 z 


1 

4[A': Q] 


E E 

P<°° cr:K^Q p 


1 

29 


yiog|A(4) p .A(4% 


where the second sum is over pairs of CM type $ c Hom(A,Q) and re$. 

For a fixed a : K —>Q p , the last sum on the right-hand side is a sum of log \x\ - x 2 | p over 
pairs X\,X 2 of roots of <f> with x 2 + x\ and x 2 + x\. Let X\, x 2 , X 2 g be all roots of P(t) such 
that xl = Xi +g . Then the last sum on the right-hand side is a multiple of 


log 


11 ,<,/(•'•> ~ 2 


log 


d-E 

dE/F 


logical 2 - 


Since there are 2 s 1 such terms, we have 


77 ^ 4—1 E 4 •£ log |A(t)„ • A(<t') r | = log |<H 

L A • Vj a:K ^Q p Z $ 


Thus we have 

4EM4)-4EMt.r) = -iiog|* 

Then it is easy to obtain the result. 


□ 


2.3 Some special abelian varieties 

In this subsection, we fix a nearby pair (dq, $ 2 ) of CM types of E. We want to compute the 
height /?.($!, $ 2 ) by a single abelian variety. 

Theorem 2.7. Let A,A 1 ,A 2 be abelian varieties over a number field K with endomorphisms 
by Oe such that the following conditions hold: 

(1) Ai,A 2 are CM-abelian varieties of type $1 and $2 respectively; 

(2) A is OE-isogenous to Ai x A 2 . 

Then 

/i(<f>i,$ 2 ) = 7 ; (h(g4i,n) + h(A 2 ,T 2 )) = ^h(A,r ), 

where Ti is the complement of dq n $ 2 in <fq, and r is the place F under Ti. Here in the last 
equality, A is considered to have a multiplication by Oe- 

Proof. From an O^-isogeny A 1 x A 2 — >A, we obtain an O®-morphism i : Ai—>A with a 
finite kernel. By Theorem 2.2, we may replace A± by the image of i to assume that i is an 
embedding. Now we have an isogeny A 2 — >A/Ai. Similarly, we may assume that A 2 = A/A\. 
Thus we have a dual pair of exact sequences of O^-abelian varieties: 

0—>41!— >A—>A 2 — >0, 0— >A t 1 ^0. 
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After a base change, we may assume that Ai and A 2 have good reductions over Ok- 
This implies that A also has good reduction over Ok- Thus we have a dual pair of exact 
sequences of their Neron models: 

0——>0, 0— >Ai—>A\— *0. 

This exact sequence induces a dual pair of exact sequences of their invariant differentials: 

o— >n(A 2 )— arl4)-^d(A)^o, o—>n(^i)—*o. 

Let Tj be places of E extending r included in <t>j. Then we have exact sequences: 

0 — W(A 2 ,T 2 )^W(A,T)-+ WiAun^O, 

0-*W(A\,t 2 )— >fT(^,r)->VL(4,n)— 0 . 

Taking determinants, we obtain 

det W(A,t) = W(A 1 ,t 1 ) ®W(A 2 ,t 2 ), det W(A\t) = W(A{,t 2 ) ® 1^(4, n). 

It follows that we have a canonical isomorphism 

N(A,t) - N(Ai,ti) ® N(A 2 ,t 2 ). 

It is easy to show that this isomorphism is compatible with the metric defined by Hodge 
theory at infinite places. Thus we have 


h(A, t ) = h(Ai,ri) + h(A 2 ,r 2 ). 


□ 


3 Shimura curve X' 

In this section, we study a Shimura curve of PEL type following Dcligne [Del], Carayol [Ca], 
and Cerednik-Drinfeld [1 ]. After reviewing the basic facts about the moduli problems, we 

will study in special cases of the integral modes over the ring of integers of the reflex field, 
and the Kodaira-Spencer map over complex number. 

3.1 Moduli interpretations 

Recall that we have a totally real number field F, and a quadratic CM extension E , and a 
totally definite incoherent quaternion algebra B over A - Ap. We will consider one of the 
following special cases later on: 

(1) E = F(v / A) with a A e Q as in Carayol [Ca]; 
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(2) Ae is embedded into B over A as in the introduction. 

Let ($ 1 , $ 2 ) be a nearby pair of CM types of E. Let r be the place of F missing in 
<f>i n <f> 2 , and B the quaternion algebra over F with ramification set E(B) \ {r}. We form 
a reductive group G" ■= B x x F x E x . It has the same derived subgroup G 1 := B 1 as G = B x , 
and we have an isomorphism 

v = (ui, U 2 ) ■ G"\G\ — >F X x E 1 , ( b , e) 1 —* (det (b)ee, e/e). 

Here B 1 and E 1 denote respectively the subgroups of B and E with norm 1. Define an 
algebraic group G' over Q as a subgroup of G" by 

G'(®) = {geG"(Q):v 1 (g)eQ x }. 

Let h' : C x —be the complex structure which has a lifting to a morphism h x h F 
to (B ® M) x x (A ® R) as follows: the component to (B ® M) x = G(R) is the same as h 
for defining quaternion Shimura curve as in Carayol [Ca], see also §4.1; the component to 

(E ® M) x -— 1 4(C X ) 9 is given by 


h E 'z i— *(l,z 1 ,—,z ^ 

where the first component corresponds to the place over r. It is easy to see that the set 
of G'(R)-conjugacy classes of h' is isomorphic to fjL Thus we have Shimura curves over C 
indexed by open and compact subgroups U' of G"(Q): 

X'u>(C) = G , (Q)\f) ± x G'(Q)/U'. 

It is not difficult, to show that the reflex field of h' is the same as the reflex field of dq + $ 2 . 
Let F' be the reflex held of h!. Then X' ur is dehned over F'. The following is a relation 
between F and F': 

Proposition 3.1. Let T denote $1 n $ 2 , and r ■ F—>C be the place of F missing in T|^. 
Then F' contains t(F). 

Proof. By definition, Gal(C/F') consists of elements a e Aut(C) fixing the weighted set 
+ $ 2 . It is clear that 

$1 + $2 = 2 T + T1 + T2 

with Tj the complement of T in $j. Considering multiplicity, such a cr hxes T\ + r 2 . In other 
words, it hxes t(F). □ 

Let X' be the projective limit of Xf, for all Xf,. Then X' is a scheme over F' with a 
right action by G'(Q) and a uniformization given by 

XV(C) = G'(Q)\r xG'(Q). 


See Carayol [Ca, §3.1]. 
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As in Carayol [Ca, §3.4], the curve X' is equipped with a right action of G c G"(Q) 
consisting of elements 7 with norm v 1 ( 7 ) e F + x ■ Q x as follows: for any element 7 e G, there 
is a 70 e G"(Q) + such that det 7 = det 7 0 . We define the right action by 

[z,g]-7= [70 ^, 70 ^ 7 ] • 

The subgroup of elements fixing every point on X' is given by the center Z"( Q) ^ E x of 
G"{ Q). 

In the following, we want to describe the moduli problem associated to X' lT , following 
Carayol [Ca, §2], For this, we let V' := B' as a left B '-vector space. Fix an invertible element 
7 e 5' such that 7 = -7 where b i-> b is the involution on B' - B E induced from the 
canonical involution on B and the complex conjugation on E. Then we define a symplectic 
form on V' by 

lp'(v,w) = tTE/qtTB^E^Vw). 

Here tr b >/e is the reduced trace on B'. This form induces an involution * on B' by: 

i/j\£v,w) = ip'(v,£*w), £*-^ x £^. 

The group G' can be identihed with the group of //'-linear symplectic similitudes of 

The composition of h' and the action of G"(M) on induces a Hodge structure on V' of 
weights (-1,0) and (0,-1). One can choose a 7 such that 1 // induces a polarization of the 
Hodge structure ( V',h '): 

xh'{i)~ l ) > 0, Vx e Vj^. 

By Dcligne [Del, § 6 ], X' Uf represents the following functor Tu> on the category of F'- 
schemes when U' is sufficiently small. For any F'-scheme S. Xu r (S) is the set of isomorphism 
classes of quadruples [A, 7 9, k] where 

( 1 ) A is an abelian scheme over S up to isogeny; 

(2) i : B' —>End°(A/S') is a homomorphism such that the induced action of E on the Os- 
module Li e(A/S) has the trace given by 

tr(£,Lie(A/S')) = t(tr B > /E (£)), e B ', 

where t : E — >F' is the trace map of $1 + $ 2 . 

(3) 9 : A — >A t is a polarization whose Rosati involution on End 0 (A/A) induces the involution 
* of B' over F; 

(4) k : V' x S — >Hi(A, Q) is a [/'-orbit of similitudes of R'-skew hermitian modules. 

The group G acts on the inverse system of Fu> as follows: 

[A,l,0,k] - 7 = [A, i, det( 7 ) 6 l , ac - 7 ]. 
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3.2 Curves X' in case 1 

Let p be a prime number in Z, and p' be a prime ideal of 0 E dividing p. We want to study 
the integral model of X' v , over the ring 0( p q := Oe[x _1 : x € 0 E \ £>'] in the case considered 
in Carayol [Ga, §2, §5], i.e., E = F(\/ A) with A a negative integer such that p is split in 
Q(VA). Fix a square root p of A in C which gives a CM type of E by 

<f>i : E = F Q(VA)— >F ® qC^C 9 , VX ^ (p, ■■■,p). 

Let $2 be a nearby CM type of E which differs from dq at the place over r of F. Then the 
reflex held of + dq is E. 

Let Ob', p be an order of B' p stable under involution t >-> i* , and let A p be an Ob', p - lattice 
of Vp such that 4>'\a' p takes integral value and is perfect. Such an oder 0 E ', P and a lattice A' p 
can be constructed from a maximal order Ob, p of B p as follows. Using the isomorphism 

E p — Fp © Fp , A 1 i^Pi ~p) i 

we have an identification B' p = B p so that the involution * on B' induces an involution 
on B p , still denoted by *, so that ( a,b)* = ( b*,a*). In this way we may assume that 
Ob’, p = 0* B p ®Ob, p - The form ip' induces a perfect ( B p , *)-hermitian pairing ipp : B p ®B p —>Q p 
as follows 

i/j p (( a ,b),(c,d)) =ip p (a,d) 

We may take p © Ob, p where 

°b, p = {xtB p : ipp(x, y ) € Z p , Vy e 0 B , P } ■ 

Let p be the prime of Oe under p'. Write Op, P - O p + O p as a direct sum of Z p -algebras, 
then we have a decomposition: 

0 E , P = 0 F , P © 0 F}P = O p © O p © O p © O p . 

For any O/j.p-module M, there is a corresponding decomposition 

M = Mi p + Mf + M 2p + Ml. 

Let Z( p ) = Z p n Q be the localization of Z at p. Let 0 E ',( P ) = 0 E ', P n B' be the Z( p )-lattice 
in B'. 

For an open compact subgroup U' p of G"(Q P ), dehne a moduli problem F\jjn> over O p 
as follows: for any O p -scheme S, Ei t u'p(S) is the set of isomorphism classes of quadruple 
[A, l, 6 , k] where 

(1) A is an abelian scheme over S up to prime-to-p isogeny; 

(2) l : Ob',( p ) —>End(A/S') © Z( p ) is a homomorphism such that the induced action of Ob' 
on the Os-module Lie(A/S') has the following properties: 
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• Lie(A) 2p is a special 0 Bp -module in the sense that it is locally free of rank 1 over 
Ok ® Os for any unramified quadratic extension K of O p embedded into Ob, p ; 

• Lie(A)2 = 0. 

(3) 9 : A — >Ad is a polarization whose Rosati involution on End(A/S) <g> Z( p ) induces the 
involution * of Ob>, p \ 

(4) k, : V p x S —»1Li(A,Q p ) a U' p - orbit of similitudes of Og,-skew hermitian modules. 

Proposition 3.2. When U' p is sufficiently small, the scheme is represented by a 

regular scheme X[ v , p over 0( p q with the following properties: 

(1) for the embedding t' : 0( p q—>-C, the curve C) = Xjj^iyui P {fC), where Uf( 1) is the 

maximal open compact subgroup of B p fixing A p ; 

(2) if p is split in B, then X' v , p is smooth over O p ; 

(3) if p is ramified in B, then X[ urp is a semistable relative Mumford curve in the sense 
that every irreducible component in the special fiber is isomorphic to P 1 and intersects 
with at most two other components. 

Proof. Let Ob> be an Oe~ order of B'. Replacing Ob’ by Ob> n 0* B ,, we may assume that 
Ob' is stable under *. Let A' be an O^-lattice of B' with localization A' p . With A replaced 
by mA with an m prime to p, we may assume that ip' takes integral value on A'. Assume 
now U'p fixes A' p and Exes every point in A' p /nA' p for some n > 3 prime to p. It is easy to 
see that above functor is isomorphic to the following functor Tjj'v over O p -schmes: for any 
O p -scheme S, Tu'p{S) is the set of isomorphism classes of quadruple \A,l,Q,k\ where 

( 1 ) A is an abelian scheme over S; 

( 2 ) i : Ob’ —>End (A/S) is a homomorphism such that the induced action of Ob' on the 
(Rs-module Lie(A/S') has the following properties: 

• Lie(A) 2 P is a special Os )P -module in the sense that it is locally free of rank 1 over 
Ok ® Os for any unramified quadratic extension K of O p embedded into Ob, p ; 

• Lie(A)2 = 0. 

(3) 9 : A — >Al is a polarization whose Rosati involution on End(A/S') induces the involution 
* of Ob 1 ', 

(4) k : A p x S — >Hi(A,7j p ) a f/ ,p -orbit of similitudes of O^'-skew hermitian modules. 

The condition (4) implies that the relative dimension of A/S is 2 g. Also the degree of 
the polarization 9 in (3) is d - [A' V ,A'] where A' v is the dual lattice of A'. By Mumford 
theory, there is a fine moduli space M. 2 g : d, n over Z( p ) classifying the the triples of (A,9,K n ) 
of an abelian variety A of dimension 2 g, and a polarization 9 of degree d, and a full level 
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n structure U' p . Thus we have a morphism of functor T' lJIV — y M. 2 g ,d, n ■ Now we can use the 
theory of Hilbert scheme to prove the existence of a scheme X' {] v , p — >M. 2 g ,d,n to classify other 
additional structures on the triple (A,6,K n ) required in the functor J- 0: y P . 

The second statement is proved in Carayol [Ca, §5.4] in the case p is split in B , and 
proved by Cerednik-Drinfeld (cf. [ 1C]) in case p is not split in B. □ 

Remark 3.3. Our moduli problem here is slightly different from the moduli problem H , 
in Carayol [Ca, §5.2.2] in three points: 

(1) we do not require that p is prime to the discriminant Dg c Op of B\ 

( 2 ) we allow A to have prime-to-p isogeny which is more flexible than [Ca]; 

(3) we do not input a level structure k p as in [Ca]. 

p-divisible groups 

Let U' -Up( 1) • U' p with U ,p sufficiently small so that the functor Ty is representable by a 
universal family of abelian varieties: 


Ay - *Xy. 

There is a Barsotti-Tate module Ay[p °°] on X{j, for any sufficiently small compact 
open subgroup U' p of G'(Q) p . With our assumption, this group has a decomposition 

Ay[p°°] = Ay\p°°]i + Ay[p °°]2 = Ay[p°°]ip + Ay[p °°]i + Ay[p°°] 2 p + Ay[p°°} P 2 • 

We define 

U'y :=Ay[p°°h- 

By part (2) in the definition of Ty'p, the p-part 'Hy,p is a special Oe^-module, and the 
prime-to-p-part is an etale 0^,-module. 

ft is clear that the generic fiber H^, = Aip[p °°]2 of 7on X' v , is dual to Ay[p°°\i by 
the polarization; thus H' v , determines the structure of Hf//[p°°]. Notice that H{j, can be 
constructed without using abelian varieties: 

H'y = ( p-°°0 B J0y v X X') /U'( 1) X u*. 

Where U p (l ) - x 0^ p acts on p~°°Ob )P /Ob, p by the right multiplication of 0^ Bp (cf. [Ca, 
§2.5]). 

Remark 3.4. Our p-divisible group H B , relates to the group EF of [ Ca, §3.3] in the case 
O p - M 2 (O p ) by 

(o 
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Level structure at p 

For any ideal n of Of dividing a power of p, let U p (n) denote the subgroup of B p of the 
form Zp x (1 + nO BjP ) x , and -^nU'p denote X^,,^^. Let H' nU , p denote the pull-back of 
H[ v , p on X' n v , p . Then the map X nU r„ — >X L ,c/'p has a full level n-structure on H' n Ufp , i.e., an 
isomorphism of O^p-modules: 

kp • ti 0 B ,plO B ,p [ti] ■ 

When n is prime to d B , this level structure extends to the minimal model Xj v , p . More 
precisely, the scheme X’ n v , represents a functor T^u'p over T\gj'v to classify a pair of level 
structures k p = (k p ,k p ) so that k p is a full-level structure on the etale sheaf 'H'^ u , p [n], and 
k p is a Drinfeld basis of T~L' n v , p [n]. 

Integral models 

In the above, we have interpreted Xj v , p at a prime p as the functor T n jj' P when n prime to 
d B , and is U' p sufficiently small (in dependent of n). In the following, we want to extend such 
interpretation to large U' p . Fix a lattice A' of B' with a completion A p . For any positive 
integer N, let U'(N ) denote the subgroup of G'(Q) consisting of elements which stabilize A' 
and induce the identity action on A'/NA'. 

Proposition 3.5. Assume that U' is contained in U'(N ) as a normal subgroup for some 
N > 3 and prime to p. Then the functor T^u'p Is represented by the minimal regular model 
Xfu'p over O p . 

Proof. First let us reduce the proposition to the case U' = U'{N ). In fact if Fu(n) is 
represented by Au'(n )—then T n .\j'v is represented by a scheme y n ,u'p to classify a 
pair (k p ,k p ) of a full Drinfeld level structure k p and an etale level structure k p . Thus it is 
clear that y n ,u'p is regular without any exceptional curve. Thus y n ,u'p = X n jji v . 

Assume now U' = U(N). Let Uq P be a sufficiently small normal subgroup of U’(N) p 
so that T\yp is representable by A X U 'v Then we have an action of U(N ) on this 

family. It suffices to show that U(N ) acts freely on X 1u p. Let 7 e U'(N) fixes a closed point 
x in X' , p ® Ok- Let \A, l,6,k\ be the quadruple corresponding to x. Replace A by some 
abelian variety prime to p isogenous to A, we may assume that k p induces an isomorphism 
morphism between A' p and T P (A). I 11 this way, we have an isomorphism ip of (A, 6), an 
u e U' p such that k, ■ 7 ■ u = k ° T(<£>). Since 7 e G(N), it follows that ip fixes all points in 
A[A^]. Thus (p = 1. Thus 7 = n _1 e U'. □ 

Corollary 3.6. The integral models X' nU , p , with n prime to d B and U' p contained in U'(N) 
with N > 3 and prime to p, form a projective system of regular schemes over O p . Moreover 
the special fiber of each Xj v , p above p is a smooth curve if p \ and a relative Mumford 
curve if p \ d B . 
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3.3 Curve X' in case 2 


In this subsection, we assume that E is embedded into B over F. Then we have an identifi¬ 
cation B' = M^{E). It follows that V' = B' is the sum of two copies of a subspace V over E. 
In fact, we can take V = B as a left E-vector space: 

V'^+VeV: b® e i—■» (eb, ejb) 

where j e B x such that jx = xj for all x e E. We may assume that 7 e E so that 0' is the 
sum of two copies of a symplectic form 0 on V. The group G' can be identified with the 
group of F-linear symplectic similitudes of (V, 0) by right action on V: (b,e)x = exb. 

It follows that X'jj, represents the following functor F0, on the category of F'-schemes. 
Here F' is the flex field as before. For any F'-scheme S', is the set of isomorphism 

classes of quadruples \A, t, 9 , k] where 

(1) A is an abelian scheme over S up to isogeny; 

(2) l : F—»End°(H/S') is a homomorphism such that the induced action of F on the Os- 
module Li e(A/S) has the trace given by 

tr(£, UeA) = t(£), W e F, 

(3) 9 : A — >A l is a polarization whose Rosati involution on End°(H/S') induces the complex 
conjugation c of E over F; 

(4) kTx S'— >Hi(A, Q) is a F'-orbit of similitudes of skew hermitian F-modules. 

Let Ob be a maximal order of B, and let A = Ob be viewed as a lattice in V. Assume 
that 0 takes integral value on A. Then F0, is equivalent to the following functor Fff,. For 
any F'-scheme S', Fff r (S) is the set of isomorphism classes of quadruples \A, l,6,k\ where 

( 1 ) A is an abelian scheme over S'; 

( 2 ) t : Oe —»End(A/S') is a homomorphism such that the induced action of Oe on the 
^-module Lie(A/S') has the trace given by 

tr(0 LieA) = t(£), VleOg, 

(3) 9 : A — >A* is a polarization whose Rosati involution on End(A/S') induces the complex 
conjugation c of Oe over Of] 

(4) k:Ax S — >Hi(A,7j) is a F'-orbit of similitudes of skew hermitian O^-modules. 
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CM points 

Again assume that E is embedded into B over F. Let T' (resp. T') be the subgroup of G' 
(resp. G'(Q)) of elements (b,e) € (LA ) 2 (resp. (b,e) e ( E x ) 2 ). Then the subscheme X ,T ' of 
X' of points fixed by T' is a principal homogenous space of T'. Moreover each point P' e X' T ' 
represents an abelian variety A P , which is isogenous to a product A$ 1 x A $ 2 of CM abelian 
varieties by Op with types In fact, in terms of above complex uniformization, X' T ' 

is represented by pairs (z,t) with z the unique point on t) fixed by T, and t e T. Fix a point 

p, € X 'T' 


Hodge de Rham sequence 

In the following, we want to study the Kodaira-Spencer map. Assume that Fu< is represented 
by a universal abelian variety tt : Ajjr — > Xy. Then there is a local system Hf R (Au') of 
F ® Cx'„- rn odules with an integrable connection V and a Hodge filtration 

0— >VL(A\j ,)— >Hf K ( Au ,) —>n(A[//) v —>0, 

where Q(A ur ) := 7r t (QA u ,/x , u ,) and h2(A^,) := 7r*(f^t jx 1 ,)■ This sequence of vector bundles 
on X'jj, has an action by F by pulling back of cohomofogy classes. Taking a quotient according 
to the morphism F ® Ox ' uf —gi ven by sending (x ® y) r(x)y: 

0— >Q(A t u ,) T — >Hf R (Au') T —>H(A [ //) r ’ v —>0. 

For simplicity, let us define the following notation: 

m v , := Hf R (Au,y, w V ' := n( Au ,y, wy ■.= w(A*,,y. 

Then we have an exact sequence of vector bundles: 

0 — *M V '— > 0 . 

In terms of the complex uniformization, the bundle ( Mp ,, V) and its filtration can be 
described explicitly by representations of G'{ Q) as follows. First dehne the local system of 
M-vector spaces on XV',r'(C): 

¥ := G(Q)\V t x y x G'(Q)/U', V T := V ® F)T M 

This system has a Hodge structure given by (H. This definition makes sense since the 
stabilizer of G(Q) on every point of f)* x G'(Q)/U’ is its center Z(Q) which acts trivially on 
V. Then we have 

Mu, =Y® r O x , vi , W{j, = H °’-\¥), W w - (Mur/wyy. 
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Kodaira-Spencer maps at archimedean places 


Applying Gauss-Manin connection gives a chain of morphisms: 

Wf, —> M V fM V f ® ® Q X '„■ 

By Kodaira-Spencer, this induces an isomorphism of E ®p Ox ’-line bundles: 

Taking determinants, this gives an isomorphism of Ox'-hne bundles: 

KSi// : Nur-^nf, , 

u' 

where Nu> is a line bundle on Xf, dehned by 

Njj’ ■= det Ww 0 det Wf,. 

In the remaining part of this subsection, we want to study the Kodaira-Spencer isomor¬ 
phism at a fixed place r' of F'. Here we put a metric on Nu> by the Hodge theory as in §2.1, 
and put a metric on ^x' r , by the following formula 

\dz\ = 2 y 

in terms of the complex unformization. 

Theorem 3.7. The morphism KSjj/ is isometric. 

Proof. The Kodaira-Spencer isomorphism induces a norm on ^x'„ ■ We want to give an 
explicit description of this metric as follows. First, let us give an explicit formula for the 
Kodaira-Spencer map. Fix an isomorphism B r - V T - M 2 (M) and identify f)* with the moduli 
space of H T -Hodge structures on M 2 (R). It is equivalent to study the Hodge structures on 
M 2 . In a concrete matter, for each z € f^ ± , take a Hodge structure on L - M 2 inducing a 
complex structure given by isomorphisms 

(Pz’-L —>C, (a, 6) i —>a + bz. 

Then L 0,_1 is given as ker0 2; c, so we have 

L°z~ l = Ce 2 , L~ 1,0 = Ce 2 , e 2 := (-z, 1). 

Thus the filtration of the de Rham homology has the following form: 

0—>Ce 2 — >C 2 —>Ce 2 —>0. 


Applying the Gauss-Manin connection to obtain 


V(e 2 ) = (-l,0)dz 



It follows that under Kodaira-Spencer map, 

dz = 2iy—, \dz\ = 2 y. 


□ 
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4 Shimura curve X 


In this section, we study a quaternionic Shimura curves X over a totally real held. We will 
first review some basic facts about the integral models X studied in Carayol [Ca] at split 
primes, and Cerednik-Drinfeld [BC] at non-split primes. Then we will construct integral 
models of the curve X by comparison with the curve X' in the last section. Finally we will 
study the integral models of p-divisible groups H using the p-divisible groups H'\X', and 
study the local Kodaira-Spencer morphisms induced from the Hodge-de Rham filtration 
and the Gauss-Manin connections, following deformation theory of p-divisible groups % of 
Grothendieck-Messing [II, Me]. 

4.1 Shimura curve X 

Let F be a totally real held and B be a totally def ini te incoherent quaternion algebra over 
A := A p as before. Then we have a projective system of Shimura curves X v over F indexed 
by open and compact subgroups U of Gf := B^, see [Ca, YZZ], 

For any archimedean place r of F, the curve Xu, T over C is defined by the following 
Shimura data ( G,h ) where G = Res f/q(B x ) with B a quaternion algebra over F with 
ramification set E(B) \ {r}, and h : C x —>G(M) a morphism as follows. Fix an isomorphism 

G(R) = GL 2 (M) x (fff 1 , 

then h brings z - x + yi to 


The class of G ( M) -conjugacy class of h is identify with f)* = € \ R by 

ghg' 1 h—*• g(i), geG(R). 

Fix an isomorphism B / - B which gives an isomorphism Gf - G{ Q). Then we have a 
uniformization 

X UjT (C) = G( Q)\r x G(Q)/U. 

This curve is compact if B ± M 2 (Q) or equivalently E(B) is not a singlet. In the following 
discussion we always assume that Xu is compact; but the results hold in general with taking 
care of cusps. 

If F + Q, this curve does not parametrizes abelian varieties but its geometric connected 
component can be embedded into Shimura curves of PEL types over F. In the following we 
want to review the work of Carayol [Ca] on p-divisible groups on some integral model of Xu 
with infinite level. 

Let X denote the projective limit of Xu- Then X has a right action by G(Q) = The 
maximal subgroup of B^ which acts trivially on X is F x , the closure of Z(Q) = F x in B^. 
Thus we can write Xu = X/U with U ■- U/(U n F x ). When U is sufficiently small, U acts 
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freely on X. If F + Q, then F x + F x . This means that the intersection F x nU * {1} for any 
open compact subgroup U of F x . 

Fix a maximal order Ob of IB and consider the projective system of Shimura curves Xjj 
indexed by open compact subgroup U of Of. For each positive integer N, let U(N ) denote 
a compact subgroup of Of of the form U(N ) := (1 + NOm) x - 

Proposition 4.1. If U is contained in U(N ) for some N >3, then g(Xu ) > 2. 

Proof. This can be seen from the above complex uniformization. The curve X Ur is a disjoint 
union of quotients X g := r 9 \f), for g sits in a subset of G(Q) representing the double coset 
quotient G(Q)\G(Q)/U, and 

F 9 - B: n gUg- 1 c Bf n (1 + NgO^ 1 )*. 

Let T 9 denote the quotient T 9 /r 9 n F x . We claim that T 9 acts freely on I). This claim will 
show that X g has a (free) uniformization by fj, thus its genus greater than 1. 

Let 7 € T 9 \ F x be an element fixing a point z e fp Then F^) generates a quadartic 
CM held E of F embedded into B. It follows that 7 e Of. and 7 - 1 e NOe ■ Write 
C - 7 / 7 - Then f has norm 1 at all places of E. Thus £ is a roots of unity with the property 
C - 1 e NOe n Q(C) c NTfCf], It follows that Z,[f\/NZ,[f] = Z/ 1 VZ. On the other handn we 
know that Z[C]/iVZ[C] is a free module over Z/IVZ of rank equal to degQ(^)- It follows 
that ( e Q, or ( - ±1. Since N > 3, ( = 1. It follows that 7 e (1 + NOp) x - □ 

p-divisible groups 

Let p be a prime and fix a maximal order 0^ )P of containing Oe, p - For any ideal n of 
Op dividing a power of p, let U p (n) denote (1 + uOb iP ) >< . Then we have a Shimura curve 
X n X/U p (n). Write U p ( 1) = U p (Of), Xi = X Up (iy We dehne the p-divisible group H n on 
^,1 by 

H n = [M p /O n , p xX]/U p (n), 

where U p (n ) = Ob, p acts on M p /Om, p by right multiplications. This definition makes sense, 
since 17(1) acts freely on X. Moreover, for each n, its n-torsion subgroup i7i[n] can be 
descended to X Up ^ xUP for some open compact subgroup U p of ®^’ x as follows: 

H Up{ i)xc/p[n] = [u^Ob/Ob x X/(U P ( n) x U p )\ /(U p (l)/U p (n)). 

For this we need to find U p so that U p (l)/U p (n) acts freely on X/(U p (n) x U p ), this can be 
proved in the same way as [Ca, Cor. 1.4.1.3]. 

Let p be a prime of Of dividing p, and O p the ring of integers in F p . Write H = H p x H p 
according to the decomposition of a direct sum of Z p -algebras: Of, p - O p + O p Fp . When 
® p ^ M 2 (F p ) is split, Carayol [Ca, §1.4.4] has defined a group E^ — >M 0 related to our H\Xi 
by the formula: 

M 0 /U p (l) = Xi, E ao = (l fjH ltP \M 0 . 

The treatment of most facts in Carayol [Ca] can be copied to H\X 1 without much modifica¬ 
tion. We will use his method to study integral model for H\Xi. 


Relation between A 0 and X'° 

In the following sections we want to study integral models of Xu and Hu by Carayol [Ca] 
by relating them to Xf, and Hf, studied in §3.1 and §3.2 for Shimura curves defined using 
imaginary quadratic field E = F(V A) with A e Q such that p is split in Q(\/A). 

Let X° be the identity connected component of X over F (which was denoted as M + in 
[Ca, §4.1]). Then the stabilizer A of X° in G = G(Q)/Z(Q) is represented by the subgroup 
A c G(Q ) = B x by elements g with determinants det g e F*. In other words, we have 
A = A/Z(Q). 

Similarly, let X 10 be the identity connected component of X' over F (which was denoted 
as in M ,+ in [ la], §4.1). Then the stabilizer A of X° in G := G/Z"(Q) is represented by the 
subgroup A' c G"{ Q) = E x xp x B x by elements ( e,b ) with norm (det bee, e/e) e F x x E^ in 
F x . In other words, we have A = A'/Z"(Q). 

It is clear that the embedding G — >G" induces an isomorphism A - A . Here is the first 
fundamental result: 

Proposition 4.2. There is an isomorphism X° - X'° with compatible actions by A - A . 
Proof. Same as Carayol [Ca, Prop. 4.2.2], □ 

For the second fundamental result, let p be a prime and let X® and X[° be the quotients 

= xyoi p , x« = x«ioi f 

where 0 1 Bp the subgroup of Ob. p with norm 1. Then X j 5 and X[° are defined over a maximal 
extension of F which is unramified over every place of F dividing p. Let p be a prime of 
Of over a prime p, and K = F“ r the completion of unramified extension F p . Then A° (resp. 
A(°) is the connected component of the limit X\ (resp. X[) of X^up [X[ Ufp ) over K. Let 
Ao denote the subgroup of A of elements whose components over p are in 0 Bp . Define Ag 
in the same way. Then X® and A{° have actions respectively by A 0 /O Bp c A 0 /O B p . 

Define the p-divisible groups on these schemes by 

H\X« = (B p /O b ,„ x X°) /Ogp, H'\X? = (B r /0 B , r x X'O) /0' Bjl 

These are also dehned over K with natural actions by A 0 /0 Bp and A' 0 /O Bp respectively. 
The second fundamental result is as follows: 

Proposition 4.3. There is an isomorphism of the p-divisible groups H\X® and H'\X[° with 
compatible action by A 0 /O Bp c A 0 /O Bp . 

Proof. Same as Carayol [Ca], Proposition 4.4.3. □ 

One consequence is as follows: 

Proposition 4.4. For any ideal n of Of dividing a power of p and prime to ds, and any 
sufficiently small open compact U p c G(Q) depending on n, there is a compact open U' p c 
G'(Q) such that X® UP is isomorphic to Xff uip over K. 

Proof. Same as Carayol [Ca, Prop. 4.5.5]. □ 
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4.2 Integral models and arithmetic Hodge bundles 

The goal of this subsection is to introduce integral models Xu of Xu for any open compact 
subgroup U = II?; U v of B^ which is maximal at every prime ramified in B. Then we introduce 
an arithmetic Hodge bundle Cu on Xu- 

Integral models of Shimura curves 

By Proposition 4.1, Xu has a unique minimal regular (projective and flat) model Xjj over 
Op when U c U(N ) for some N > 3. We want to check if these integral models form a 
projective system. More precisely, for any U\ c U 2 c U(N ) there is a morphism X V] — > Xu 2 , 
thus a rational map X Ut — >Xp 2 - We want to check if this rational map is actually a regular 
morphism. For this, we first check the regularity over a prime p of Op dividing a prime p. 
Let K = F p v be the completion of the maximal unramified extension of F p . We will consider 
the open subgroups of O ^ of the form U = U p (n)U p , where U p (n ) = (1 + nOa.p)* for some 
ideal n dividing a power of p, and U p is an open compact subgroup of 0^ p . Let X a ^p denote 
Xu p (n)xUP- 

Theorem 4.5. Consider the system of regular surfaces X n> up ® O p indexed by pairs (n, U p ) 
with the following properties: 

(1) n is prime to Ob/ 

(2) U p c U P (N ) := (1 + NO»)* for some N > 3 and prime to p. 

Then these surfaces form a projective system of curves over O p . Moreover if p \ n, each 
such a curve X nU p ® O p is smooth if p is split in B, and a relative Mumford curve if p is 
ramified in B. 

Proof. By Proposition 4.4, Theorem 3.2 and Corollary 3.6, there is a system of regular 
models Xj° uip of X n) pp - X' n v ,„ (for U p sufficiently small over O p depending on n) which is 
smooth if p \ n is split in B and a relative Mumford curve if p \ Dp- Under the condition of 
the theorem, these models must be X\ fjp by the uniqueness of the smooth models of curves 
with genus >2. It remains to enlarge this system to all cases of U p satisfying the condition 
of the theorem. 

Let X n be the projective limit of X n jj P , which has generic fiber Xk/U p ( n). Then X n has 
an action by B x := (0^ p ■ M p f x )/OCy For any open compact subgroup U p , we can construct 
a normal integral model X UK of X UK by the categorical quotient: 

Xu,K = Xn/U = X Uo , K /(U/U 0 ), 

where U 0 is a sufficiently small normal subgroup of U. This model satisfies the condition of 
the theorem if U := U/[(U n F x )0^ p ] has a free action on X n . Thus it suffices to show that 

U(N) acts freely on X n for any N > 3 prime to p. Furthermore, we need only check this 
freeness on the identity connected component Xf; i.e., A(iV) 0 := U(N) n A 0 acts freely on 
X°. 


30 




By our construction, the model Tj° is isomorphic to the identity connected component 
X/° of the limit X/ of X[ u<v constructed in Theorem 3.2 with compatible action by A 0 = A 0 . 
Thus it suffices to show that A' 0 (N) := A 0 n G(N ) acts freely on X/°, where Gq(N) is the 
subgroup of G 0 fixes Ob' and induces identity on Ob'/NOb'- Let 5 € A 0 (iV) fix a point x 
on Tj°. We want to show that 5 e U' p ■ F x . Let \A,l,Q,k\ be the object represented by x. 
There is an element p e End (A) ® e U' p such that n o 5 ° u - T(y?) o k. Replace 5 by 

So u, we may simply assume that u = 1. The effect on the polarization gives an identity 
det (A) = p o p* e Ff. It follows that det A also fixes x. It follows that 5/5 fixes x too. Since 
5/5 € U'(N), by Proposition 3.5, 5 = 5. Thus 5 € Op. □ 

Now we extend the definition of the integral model Xjj to any open compact subgroup U = 
n„ U v of B j which is maximal at every prime ramified in B. In fact, let p be a prime number 
coprime to 25b such that U p is maximal. Denote U' = U p U p (p ) with U p (p) = (1 +pOs,, p ) x . 
Dehne Xjj to be the quotient scheme 

X u :=X u ,/U = X u ,l{U/U'). 

Note that U/U' is a finite group, so Xjj is a normal integral scheme, projective and flat over 
Op, and the quotient map 7 r : X V ' -* X v is hnite. By Theorem 4.5, the definition does not 
depend on the choice of p. It recovers the minimal regular model if U c U(N ) for some 
N >3. 

By construction as above, the morphism 7 r : Xpi—>Xp is flat over all codimension one 
point but necessarily over all points. Thus 7 t^Ox u , is not necessarily a locally free sheaf over 
Xu- But we still can dehne the norm map N^ : 7 r *Ox v ,— by 

Njr(/) n “'/• 

UtU/U' 

Using this norm map, for any line bundle C on Xjjr we can dehne the norm bundle N vr (£) 
on Xu as locally generated by symbols N 7r (£), where £ are sections of 7 r*£, with relations for 
local sections / of t\\G X \ 

N 7r (/£) = N 7r (/)-N 7r (£). 

It is clear that if M. is a line bundle on X U} then we have 

N w (tUM) = deg 7 r • M.. 

Corollary 4.6. Consider the system {Xu}u of surfaces with U = ]"I,, U v maximal at every 
prime ramified in B. Then this system is a projective system of surfaces over Op extending 
the system {Xu}u- Moreover, the following are true: 

(1) If U c U(N ) for some N > 3, then Xu is smooth at any prime p f 5 b such that U p is 
maximal, and is a relative Mumford curve at any prime p \5 b- 

(2) Let U be any element in the system. Let H be any finite extension of F which is 
unramified above every finite prime v of F such that B„ is ramified or U v is not maximal. 
Then the base change X v ®o F Oh is Q-factorial in the sense that any Weil divisor of 
Xu ®o P Oh has a positive multiple which is Cartier. 
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Proof. We already know (1). For (2), to illustrate the idea, we first treat the case H - F. 
Let 7 r : X V t -> be a quotient map in the construction of Xu, where U' - U p U p (p ) and 
U p (p) = (1 + pO-a tP ) x are as above. Let C be a prime divisor of Xu. The schematic preimage 
7T _1 (C') in Xu' is locally defined by a single equation / e Ox , since Xw is regular. Then the 
divisor (deg7r)-(7 is locally defined by the image of / under the norm map hQ : , k*Ox u , -»• Ox v - 
This proves the case H = K. In general, the map Xu> ®Ou -> Xu® Oh is still a quotient map 
by the same finite group U/U'. By (2), Xu'®Oh[1/p] is regular. Then the same proof shows 
that Xu ® 0 H \l/p] is Q-factorial. Take a different prime p' and apply the same argument. 
Then X v ® Oh[1/p'] is also Q-factorial. This implies the result for Xu ® Oh- □ 

For any ideal n of Of, let I/(n) denote the compact group I/(n) = (1 + uOb) x - Let X{x\) 
denote the integral model Xu( n ) over Op if n is coprime to 0 b. In particular we have an 
integral model X(l) := X(Op) which is a normal, projective, and flat scheme over Of, and 
every T(n) is the normalization of X(l) in the projection A(n)—>A(1). 

In the modular curve case, X(l) - is regular. In general, it is not clear if X(l) is 
regular. For the purpose of intersection theory, the property of being Q-factorial is sufficient. 

Arithmetic Hodge bundle 

For any scheme S, denote by Vic(S) the category of line bundles on S, and by Pic(S') the 
group of isomorphism classes of line bundles on S. Denote by Vic(S) q the category of Q-linc 
bundles on S. The objects of Vic(S)q are of the form aL with a e Q and L e Vic(S). The 
homomorphism of two such objects is defined to be 

Horn (aL,bM) := hrnIsom(L® am ,M® 6m ), 

m 

where m runs through positive integers such that am and bm are both integers. The group 
of isomorphism classes of such Q-line bundles is isomorphic to Pic(5')Q := Pic(S') ® Q. 

Similarly, we define the category Vic(S)q of hermitian Q-line bundles on an arithmetic 
variety S. We will usually write the tensor products of (hermitian) line bundles additively. 

In [ ZZ, §3.1.3], for each open compact subgroup U of ®/, the curve Xu has a Hodge 
bundle Lu e Vic(Xu) q. It is the Q-line bundle for holomorphic modular forms of weight 
two, and it is the canonical bundle modified by ramification points. It is determined by the 
following two conditions: 

(1) The system {L v }u is compatible with pull-back maps. 

(2) If U acts freely on X, then Lu = ^Xu/f- 

For general U, we have the following explicit formula. 

Lu = UXu/f+ E_( 1 - e Q 1 ) °(Q)- 

QeXu(F) 

where the operation in Vic(Xu )q is written additively, and eQ is the ramification index of 
the map X — >Xu- 
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Next, we want to extend the Hodge bundle Ljj to a hermitian Q-line bundle Cu over Xu 
for U = U v maximal at every prime ramified in ®. Note that our definition is different 
from that of [YZZ, §7.2.1] including the normalization of the hermitian metric. 

Theorem 4.7. There is a unique system {Cu}u °f hermitian Q-line bundles Cu on the 
arithmetic surface Xu extending the system { L v }u, where U = n,> U v is maximal at every 
prime ramified in B, so that the following conditions hold: 

(1) The system {£u}u invariant under the pull-back maps among different U. 

(2) If U is sufficiently small in the sense that U c U{N) for some N > 3, then there is a 
canonical isomorphism for any p such that U p is maximal 

C v ®O p = w} Xu ®o P io p ■ 

Here the right-hand side denotes the relative dualizing sheaf. 

(3) At an archimedean place, the metric is given by \dz\ = 2 y under the complex uniformiza- 
tion. 


Proof. The third property is simply a definition of metrics. So we only need to consider 
the first two properties. To construct the system, by pull-back, it suffices to construct the 
Q-line bundle Cu for the maximal compact subgroup U = of Let 7r : X V ' -> X v be 
a quotient map in the construction of Xjj- Then U' = U p U p (p) with U p (p) = (1 + pOm, p ) x 
for some prime p coprime to 2ds- Let u p = wx^ii/pyoFii/p] be the relative dualizing sheaf of 
Xu> away from p. Here we write Xu'[l/p\ = Xu> ® Op[l/p]. Then the bundle N„.(u; p ) is a 
line bundle on Xu[l/p\ with restriction deg7r Ljj on the generic hber Xjj. Then deg ^ N^(a; p ) 
already dehnes the restriction of Cu to Xu[l/p], To get the whole Cu, take a different prime 
P', and glue — ^N n (uj p ) and along Xu[l/pp']. This finishes the proof. □ 

For any ideal n of Of coprime to 0#, we have written <T(n) for Xu( n )- Here U(n) = 
(l + nO B ) x . Write (L(n),£(n),£(n)) for (L[/( n ),£[/(„),£f/( n )) similarly. 

Define a system of Q-line bundles J\f(n) on X(n) by 

W(n)=Z(n)® 2 (-h s ). 


Then the following Theorem 4.10 shows that for any prime p of Of, this bundle has the 
pulling back J\f 0 on X/(0^ p ). 


Remark 4.8. For an alternative approach of this paper, instead of defining Xu as the quotient 


It is a regular 


scheme TQ / ( U/U' ), one may define it as the quotient stack [ Xu'/{U/U ) 
Deligne-Mumford stack, proper and flat over Of- The quotient scheme is just the coarse 
scheme of the quotient stack. Then one may define Cu to be the relative dualizing sheaf of 
the quotient stack. 
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4.3 Integral models of ^-divisible groups 

Let p be a prime of Of dividing p, and 0 P the ring of integers in F p . Write H = H p x H p 
according to the decomposition of the direct sum of Z p -algebras: Of, p - O p © O p Fp . When 
~ M 2 (F P ) is split, Carayol [ da, §1.4.4] has defined a group E^Mq related to our H\X\ 
by the formula: 

M 0 /U p (l) = X 1 , E 0o = fc °^H p \ Mo . 

The treatment of most facts in Carayol [ da] can be copied to H\X\ without much modifica¬ 
tion. In the following, we want to use his method to study integral model for H\Xi. 

Let K = Fp r be the completion of the maximal unramified extension of F pi and Ok its 
ring of integers. 

Theorem 4.9. Let X n be the projective limit of Xu ^up ® Ok- Then H n has an integral 
model TL n over X n with the following properties: 

(1) TL P is etale over X\, and TL P is a special formal OB,p-module in the sense that Li e(TL p ) 
is a locally free sheaf over 0 Xl ® Ok 0 of rank 1 where K 0 is an unramified quadratic 
extension of F p embedded into B p . 

(2) the formal completion X 1 along its special fiber over k (k = Op/p) is the universal 
deformation space ofj-Lj,; 

(3) for any n prime tod B and with decomposition n = p n -n' with n' prime to p, the morphism 
X n — >X\ classifies pairs of a full level- n' structure on on Wj and a Drinfeld level p n - 
structure on TLi }P . 

Proof. It suffices to prove the corresponding statement for the connected component X ° of 
X n . By Proposition 4.4, H\X® is isomorphic to H' |dd'°. Thus (1) and (2) follow from Theorem 
3.5. See also Carayol [ i, §6.4, §6.6, §7.2, §7.4, §9.5] and Cerednik-Drinfeld [ ]. □ 

Let us define M p = T5>(TL P ) to be the covariant Deudonne crystal [II, Me], and W p = 
Lie('H) v , W* = Lie(7^ f ) v , where TL p is the Cartier dual of TL P . Then we have an exact 
sequence 

Wp v —>0. 

Applying the Gauss—Manin connection V on M. p , we obtain the following composition of 
morphisms: 

Wp— >M P ^-+M P ® —^Wp ® u Xf> . 

Taking determinants, we obtain a morphism 

det Wf,—» det Wf ® ut 2 . 

In other words, we obtain a Kodaira-Spencer morphism of line bundles: 

KSp : J\f p — >lu ® 2 , Adp det W* ® det Wp. 
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Theorem 4.10. Let da tP be the divisor on SpecO p r corresponding to B p . Then KS P extends 
to an isomorphism of line bundles on X p : 


K$ p -.N p -*uf p (-^ p ). 

Proof. Let (X p ,TL p ) be the formal completion of pair ( X p ,TL p ) along its special fiber over 
the residue held k := k(p) of O^f. The (X p ,H p ) is the universal deformation of (X p ^'H p jf). 
By deformation theory of p-divisible groups [II] and [Me], we have an isomorphism 

c*,—VHom cW'WO 


induced from the above composition of morphisms: 


Wl-+M p ^M p ®uj Xp - 


" Wp ® u Xp 


Taking determinants, we obtain an embedding 




If p is split in B, then we can write Or, p = M 2 (O p ). Using idempotents e\ - 


T 01 

0 0, 


and 


e 2 = ^ ^j, we can write Ll(LL 0 ) (resp. Ll(fH p )) as a direct sum of components Ll('H p ) t := 

eiPt(fH p ) (resp. Ll('H t p ) 1 = eiPl(TL p )). These two components are isomorphic by the operator 
(0 l' 


1 0 


. Thus we have 


- Horn o v {n{%)\n(U P T) = n{Vf p r ® wr- 
This shows in particular that 

u Xp =K- 

Now assume that p is nonsplit in F. Then M p is a free module over 0 B , P ® 0 Xp . Let K 
be a unramified extension of F p in B p . Then we have a decomposition 

Om, P = Ok + Oxj 

where j a uniformizer of 0 B)P such that jx = xj for all x e Ok- Making a base change to 
Ok, then we have a decomposition of Q(TL p ) to the direct sum of the eigenspaces of Ok 
according to the embedding Ok — *0 Xu and its conjugate: 

LKfH p ) = Ci ® £ 2 , (resp. U(7f p ) v = N\ ® U 2 ) 

The action of j has grade Z/2Z with j 2 - n a uniformaizer of O p . Let j\ and j 2 be the 
restrictions of j on two components, then j\ o j 2 = n. It follows for each point on X pi exactly 
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one of ji or j 2 is an isomorphism. Thus we can assign a type i e {1,2} to if j t is an 

isomorphism. Notice that the types of Vt{T-L p ) and are opposite. 

We claim that the condition j\ o j 2 - n implies the following identity: 

To prove this claim, without loss of generality, we assume that C 2 = j£i and A/} = jU 2 ■ Now 
an element a e f I# corresponds a pair of morphism of line bundles 

02 • Ei 

compatible with action of j. It is clear that this morphism determines and is determinated by 
0i, and that 0 2 = i0ij _1 always has image included into nj\f 2 . Conversely, for any morphism 
0 2 divided by n, the above equation determines a 0i. Our claim follows from this description 
of 0! ® 0 2 . □ 


5 Shimura curve X" 

In this section, we assume that is embedded into B. 

In order to make a connection between Shimura curves X' and A", we study another 
Shimura curve X" which includes both X and A'. We will first study the basic property of 
X", especially the p-divisible groups parametrized by A", and the construction of X" using 
A and a Shimura variety Y of dimension 0. Then we construct an integral model X" of X" 
using the integral model A, and a p-divisible group 77", for each p-adic point of X" using 
Breuil-Kisin’s theory [Kil, Ki2], We show that the deformations of the p-divisible group 
is given by deformations of 7 l x . Finally, we use all results in this section to complete 
the proof of Theorem 1.4. 


5.1 Shimura curve X" 


Let ($ 1 , $ 2 ) be a nearby pair of CM types of E , and F' the reflex field of + $ 2 . In the 
following, we want to define a Shimura curves A" defined over F ', depending on ($!,<I) 2 ), 
and with an action by the group 

G" := B x x A * A x e . 


The stabilizer subgroup Z" is generated by (l,x) with x e E x , the closure of E x in E x . The 
scheme X" includes A' as a union of connected component via the embedding G'— >G". 

At an archimedean place r' of F' over a place r of F, we define a reductive group over 
Q as follows: 

G" = B x x F * E x . 


Then we have an embedding G' — >G". The Hodge structure h! : C x —induces the 
Hodge structure h" \ C x —The congugacy class of h" is f) ± . It is easy to show that 
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the reflex field of (G", h") is still F'. Thus for each open compact subgroup U of G"(Q>) - G", 
we have a Shimura curve X" over F' with uniformization at r' given by 

Xuy(C) = G"( Q)\r x G"(Q)/U. 

Let X" be the projective limit of X" r Then X" has a uniformization as follows: 

X"(C) - G"(Q)\fi ± x G"(Q )/Z 7J 

The embedding G' — >G" defines an embedding i: X' — >X". 

In the following, we want to study the relation between X and X". First let us start 
with the Shimura set Y defined by E x and the one-dimensional vector space E with a Hodge 

structure h ^ : C x — >(E® R) x — >(C X ) 9 by <f>i o h F (z) - (1, z _1 , z~ l ). For any open compact 

subgroup J of E x , we have a Shimura variety Yj of dimension zero defined over F' (which 
include the reflex field of h^). This set has an action by E x . In fact the set of its geometric 
points is a homogenous space over E X \E X /J. Let Y be the projective limit of Yj. Then the 
set of geometric points of Y is a principal homogenous space over E X \E X , where E x is the 
closure of E x in E x . 

At the archimedean place r' of F' over a place r of F as above, the product 

(Xu X F Yj) t > = X U)T X C Yjy 

of Shimura varieties over C is defined by the reductive group B x x E x and the product of 
Hodge structures (G x E x , h x h^,). We have a natural homomorphism of reductive groups: 

B x x E x —+G = B x x F x E x . 

which is compatible with the Hodge structures. Thus we have a surjective morphism of 
Shimura curves over F'\ 

f ■ Xu X F Yj — >X";„ 

where U" is the image of U x J. Taking limits, we obtain a morphism of schemes over F'\ 

X x F Y-^X". 

This morphism is compatible with the actions of G f, E x , and G "f and induces an isomor¬ 
phism: 

f:(Xx F Y)/A(F x )^ X ", 
where A is induced by twisted diagonal map 

A : F x — >B X x E x , z»(z,z~ l ). 

The isomorphism property of / can be checked at the place r' using uniformizations of 
X, Y, X". 
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p-divisible groups 

Fix a prime number p and a maximal order 0 b, p containing Oe, p , we want to study certain 
p-divisible groups parametrized by X”„ and Yj. For any idea n of Of dividing a power of 
p, denote by U p (n) the closed subgroup of G" fixing A p and acting trivially on A/nA. Write 
Up( 1) = Up (Of). Then we define 

x'; = x"/u;( i), r i = Y/oi r . 

With our previous dehnition of Xi, we have an isomorphism 

h-iX.XFYj/AiF^X?. 

Dehne the p-divisible groups on Y l and X" by making quotients 

H" = [B p /O b , p X X"] /C/;(l), I = ( E p /O e ,p x Y)/Olp. 

Here U p '( 1) (resp. O y Ep ) acts on B p /Ob, p (resp. E p /O e , p ) on the right hand side as follows: 

x ■ (b, e) = exb , x e B p /Ob iP , (&, e) e f/"(l). 

(resp. ye = ey, y € E p /0 E ^e e 0^ iP .) 

These definitions make sense since f7"(l) and act freely on A'" and H respectively. 
These groups can be defined on finite levels as in the case of H over X\. We sketch the case 
of H" as follows. The group H" is a direct limit of finite subgroups H"[p n ]. Each H"[p n ] 
descents to a quotient X"/(U"( 1) x U" p ) for U" p a compact open subgroup (G") p by the 
formula 

b n ] = [p "V/Ap x X"l(U"(p n ) X £/*)]/(CPp(l) x V'»). 

For this we need to hnd U" p so that Up(l)/Up(p n ) acts freely on X"/(Up(p n ) x U" p ). This 
can be done by copying argument in the proof of [Ga] Corollary 1.4.1.3. The group H, H" 
and / are related as follows: 

Proposition 5.1. Let Hi and 7t 2 are the projections of X \ x F y, — >Xi to the two factors, 
and T (EE), T (H), T (I) be the Tate modules of the corresponding p-divisible groups. There 
is a canonical isomorphism of etale sheaves on X\ x F Yi.- 

<T (H) ® OE „ jrJT(J). 

Proof. By definitions, the Tate modules of these groups can written asof I p (as above), H p , 
and H p : 

T (H) = (0 Mp x X)/U( 1), T (H") = (0 Bp x X")/U”( 1), T(/) = (0 Ej> x Y)/0^. 


□ 
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5.2 Integral models 

Let p' be a finite place of F' dividing p, and let p be a place of F under p'. Let F p Y be the 
completion of a maximal unramified extension of F',, which is a finite extension of the 

fp tr 

For simplicity, we introduce the following notations: K := F p r and K ':= F p Y. 

Consider the following schemes: 

* llP = X 1 ® F K, X" p , = X' ® F , K', Y\ p f := Y\ ® F , K’. 

Then we have an isomorphism: 

Wp **■ 

By construction, all geometric points of Y\ are defined K'. Thus Y ip r is a principal ho¬ 
mogenous space of E X \E X /O^ p - In this way, the integral model X ltP of X l;P and the model 
Spec Ok* of Spec K' induce an integral model XI' , for X'J This in turn indues an integral 
model X[ , by the embedding X' lp , — *X" 

Now we would like to extend the groups J, H" to integral models X, XL" using Breuil- 
Kisin’s classification of p-divisible group [Ivil]: any crystalline representation of G F 
Ga \(K'/K r ) of Hodge-Tate weights 0 or -1 arises from a p-divisible group over Ok>- 

For /, recall that the action of Gk’ on T(J) - Oe, p is given by the reciprocity map for 
the type (E, n <f> 2 ). For L an extension of Q p including the normal closure of if, then 
T(i) xq p L is a direct sum of one dimensional space K a indexed by a e Hom(if,L). The 
action of G F ' on K' a is given by embedding F'—>L when cr e T and the trivial one if cr ^ T. 

There is no direct way to extend H" to an integral model W. But we can use Breuil- 
Kisin’s theory to construct p-divisible groups point by point. Let L a finite extension of 
K and (x,z) a L -valued point of X 0 x Y 0 with image x" e X"(L). Consider the p-adic 
representation T(ii' : / „). By Proposition 5.1, it is the product T (H x ) x T(/ z ), Both T(/-) 
and T(H X ) are crystalline since both H x and I z extend to a p-divisible groups over ring of 
integers by Proposition 4.9, and the above discussion. It follows that T (H"„) is crystalline. 
It also has weights 0 and -1. Thus by Breuil -Kisin [Ivil], H"„ extends to a p-divisible group 
'H" r „ over 0 L . 

Deformation theory 

We have covariant Dieudonne modules over 0 Kl ^>{H X ) over O k >, ©(J.) over 0 K ' 

and their filtrations: 

o. 

o-+n(u t x )-+B(n x )-+n(n x y— >o, 
o—> d(x,)— >n(i z y— >o. 

By Kisin [Ki2, Thm. 1.4.2] for p+ 2 and by Kim [Kim], Lau [La], and Liu [Li] for p = 2, 
for a p-divisible group Q over 0 F with L a finite extension of W{k) (k \= O p /p), the module 
B(£/) with its filtration depends canonically on its Tate module T (Q) as an object in the 
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category Rep£U° of integral crystalline representations of Gl ■= Gal (L/L). More precisely, 
let © = VR(fc)[[w]] be the ring of power series over W(k ) with a surjective map ©—by 
sending u to a nniformizer ttl of L , then 

B(G) = 0 L ®e<P*mr(G)- 

where Tl is a functor from Rep£b so to certain category Modg of modules over non-commutative 
ring ©[</?], defined in [Ki2], Theorem 1.2.1. 

Applying this to divisible groups , {TL x )o k ,i T z over Ol = Ok>, and taking care of 
the isomorphism in the above Proposition, we obtain a canonical isomorphism of filtered 
Oe, p - modules: 

®Oe, v ®O k 

Now we consider these p-divisible groups with actions by Of p . Their cohomology groups 
are modules over of the Ox-algebra Of, p ®-l p Ok- The quotient Op, p — *O p induces a quotient 
t : Of, P ®tl v Ok — > Ok- Using this r to making quotient of cohomology groups to obtain: 

0— W(K2')-+ 0. 

0—>>V(?4)— >M(TL X ) — >W('H x y —>0, 

0—W(£)—* 0. 

Notice that W(X 2 ) = 0 and W(X 2 ) is a free module of rank 1 over Oe,k Oe, p ®o p Ok- Thus 
we have: 

Proposition 5.2. There are canonical isomorphisms: 

woo - mK) ww, to = m«.) ®o M mnr- 

We want to apply these facts to compute the universal deformation space of as 
p-divisible Oe, p- module: 


Hom OBp (0(^„),n(^) v )=Hom O£>p (W(^„),W(^) v ) 

=Hom 0j3>p (W(^),>V(^) v ) Ok’ 
=Hom OBp (W(^),W(^) v )®Ox^ 
=UJ xl tP ,x ® Ox' 

=W v''' , x" ‘ 

0,p' 

Here 

(1) the first identity follows from a consideration of types under actions by Oe, p , 

(2) the second identity follows from the above lemma, 

(3) the third identity follows from a precise computation, 
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(4) the fourth identity follows from the Kodaira-Spencer map on T~L. 

(5) the last one follows from the definition. 

This shows that the formal completion Xq x „ of T 0 " p , at x" is indeed the universal deformation 
of the p-divisible group 'H"„- 

Taking determinants of above isomorphism, we obtain the following identity of two Ok~ 
lattices of the module cn^ 2 ,, 

0,p” 

Theorem 5.3. 

:= det W(7C") ® det W(H$,) - det W{U X ) ® det ® O k > =K,® 0 K r. 


5.3 Proof of Theorem 1.4 

By Corollary 2.6, it suffices to show that for each nearby pair (dq, $ 2 ) of CM types of E, 

g • /i($ 1 , $ 2 ) = 7,hc( P ) ~ \ lo g(4)- 

By Theorem 4.10, the right hand side is ^hjj-(P). Let y € Y be any point. Then we have a 
point P" e X" fixed by T"{ Q). We may choose an embedding X' — >X" such that P" is the 
image of a P' in X'. 

For this, we fix one archimedean place r' of F' over a place r of F. This gives a nearby 
quaternion algebra B = B(t). We may assume P is represented by (zq. 1) € t) x G(Q) with 
Zo £ f) & fixed point by E x in the following uniformization: 

X T (C) ^ G(Q)\r X G(Q)/Z(Q). 

Similarly, we may assume that y is represented by 1 e E x . 

W(C) = ~E X \E X . 

In this way, the image P" of (P,y) in X"(C) is represented by (jzo, 1) e f) x G"(Q): 

X';, = G'"(Q)\f) ± X 

Thus P" is the image of a point P' e X' T . 

Let A be the corresponding abelian variety represented by P'. Then A is isogenous to 
the products of CM abelian varieties A ly A 2 of CM types By Theorem 2.7, 

h($i,$ 2 ) = ^h(A,r). 

Thus we have reduced Theorem 1.4 to the identity 

h(A,T) Ah W (P) 

9 

Since ^hjj-(P) = pr^j^jdeg(A r u\p) , it suffices to prove the following result. 
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Proposition 5.4. 


J\[(A,t) ^ J\f P ®o P(P) 0 F '(p')- 

Proof. Notice that both sides have the restriction L^? f on the generic fiber of X'. Also by 
Theorem 3.7, they has the same metric. Thus it suffices to show that they define the same 
lattice at each finite place of K. Let v be a finite place of K with residue characteristic p. 
Let Off v be the completion of the maximal unramified extension of Ok,v Then 

It follows that 

N(A,T)®()'£, a = Np"® 

By Theorem 5.3, this is isomorphic to Np®Off v . This completes the proof of the proposition. 

□ 
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Part II 


Quaternionic heights 

The goal of this part is to prove Theorem 1.5. We use the notations in our previous work 
]. We will make a specific explanation when we come to a setting different from that 
of [YZZ], 

6 Pseudo-theta series 

In this section, we introduce the notion pseudo-theta series , an important concept used in 
the following sections. We will first recall the usual theta series defined by adelic Schwartz 
function in [ ]. Then we define pseudo-theta series by almost Schwartz functions. This 

series looks like theta series but is not automorphic. We will show that it can be approximated 
by the difference of two theta series associated to it. Finally, we will show that if a sum of 
pseudo-theta series is automorphic, then these pseudo-theta series can be actually replaced 
by the difference of the theta series associated to it and we get some extra identities between 
these theta series. 

6.1 Schwartz functions and theta series 

We first recall the notion of Schwartz functions and theta series in [ ZZ], which is a variant 
of the standard notions. 

Let F be a totally real number field, and A the adele ring of F. Let (V,q) be a positive 
definite quadratic space over M. Let 

S(V(A)xA*) = ® v S(V(F v )xF v *) 

be the space of Schwartz functions introduced in [ ZZ, §4.1]. We recall it in the following. 

If v is non-archimedean, then S(V(F v ) x F x ) is the usual space of locally constant and 
compactly supported functions. 

If v is archimedean, then F v - M and then S(V{F v )xM. x ) consists of functions on V(F v ) x 
M x of the form 

4> v (x,u) = (Pi(uq(x)) + sgn {u)P 2 {uq{x))) 

with polynomials Pi of complex coefficients. Here sgn(u) = u/\u\ denotes the sign of«el x . 
The standard Schwartz function <j) v e <S(V xK x ) is the Gaussian function 

</> v (x,u) = e- 2 ™*™ l R+ (u). 

Here 1 R+ is the characteristic function of the set M + of positive real numbers. In this paper, 
cj) is always the standard Gaussian function at archimedean places. 

Assume that dim V is even in the following, which is always satisfied in our application. In 
'Z, §2.1.3], the Weil representation on the usual space iS(H(A)) is extended to an action of 
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the similitude groups on tS(D(A) x A x ). This gives a representation of GL 2 (A) x GO(H(A)) 
on <S(y(A) x A x ). Note that the actions of GL 2 (A) and GO(H(A)) commute with each 
other. This extension is originally from Waldspurger [Wa]. 

Take any </> e <S(V(A) x A x ). There is the partial theta series 

o(g,u,<i>) = E r(g)<p(x,u), gzG L 2 (A), tic A*. 

X€V 

If u £ F x , it is invariant under the left action of SL 2 (F) on g. To get an automorphic form 
on GL 2 (A), we need a summation on u. 

There is an open compact subgroup K c GO(Aj) such that (pf is invariant under the 
action of K by the Weil representation. Denote //# = F x n K. Then jix is a subgroup of the 
unit group Op, and thus is a finitely generated abelian group. Define a theta function by 

0(9,4>)k = E 0 (9,u,^)= E E r (^)^w), 9 € GL 2 (A). 

u£/i 2 c \F x u^p? K \F x xzV 

The summation is well-defined and absolutely convergent. The result 9(g,(p)x is an au¬ 
tomorphic form on g € GL 2 (A), and 9(g,r(h)<p)K is an automorphic form on (g,h) e 
GL 2 (A) x GO(A). Furthermore, if is standard, then 9(g,4>)K is holomorphic of par¬ 
allel weight | dim V. 

By choosing fundamental domains, we can rewrite the sum as 

h<t>)x= E r(g)</>(0,u) +W K E r (gMX'U). 

u<kii 2 K \F x (x,u)ifi K \((V-{0})xF x ) 

Here the natural action of [ix on V x F x is just a° (x,u) ^ (ax, a~ 2 u). The summation 
over u is well-dehned since <p(ax,a~ 2 u) = r(a~ 1 )<p(x,u ) = cp(x,u) for any a e g K . The factor 
wk = |{1, — 1} n K | € {1,2}. See [YZZ, §2.1.3] for more details. 

6.2 Pseudo-theta series 

Now we introduce pseudo-theta series. Let V be a positive definite quadratic space over 
F, and Vo c V\ c V be two subspaces over F with induced quadratic forms. All spaces are 
assumed to be even-dimensional, but we allow Vo to be empty. Let S' be a finite set of non- 
archimedean places of F, and <p s e 5(1/(A S ') x A Sx ) be a Schwartz function with standard 
infinite components. 

A pseudo-theta series is a series of the form 

A ^\g)= E E ( l ) 's( 9 ,x,u)r v (g)(j) s (x,u), g e GL 2 (A). 

u£fi 2 \F x xzVi-Vo 

We explain the notations as follows: 

• The Weil representation r v is not attached to the space V\ but to the space V ; 

• (p' s (g,x,u) = Id ves^v( 9 v,x v ,u v ) as local product; 
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• For each v e S', the function 


4>' v : GL 2 {F v ) X (y - Vo)(F v ) X F* -> C 

is locally constant. And it is smooth in the sense that there is an open compact 
subgroup K v of GL 2 (y) such that 

<t>' v {gK,x,u) = <f>' v (g,x,u), V(g,x,u) e GL 2 (F„) x (y - V 0 )(F v ) x F*, k e K v . 

• n is a subgroup of with hnite index such that (j) s (x,u ) and cf>' s (g,x,u ) are invariant 
under the action a : (x, w) ^ (ax, a~ 2 u) for any a e /i. This condition makes the 
summation well-defined. 

• For any v e S' and <7 e GL 2 (F„), the support of (f>' s (g,-,-) in (y - Vo)(F v ) x is 
bounded. This condition makes the sum convergent. 

The pseudo-theta series AG) sitting on the triple V 0 c Vi c V is called non-degenerate if 
y = f/, and is called non-truncated if Vo is empty. It is called non-singular if for each v e S', 
the local component (j>' v (l,x,u) can be extended to a Schwartz function on yi(F„) x Fy . 

Assume that is non-singular. Then there are two usual theta series associated to 
AG). View <y(l,v) as a Schwartz function on y ( F v ) x Fy for each v e S, and c[) w as a 
Schwartz function on V\(F W ) x F* for each w i S. Then the theta series 

0A,i(g)= E 

utfi 2 \F x xeVi 


is called the outer theta series associated to Note that the Weil representation ry l is 

based on the quadratic space y. Replacing the space y by Vo, we get the theta series 

0A,o(g)= E S 

U£fJ, 2 \F x XtVo 


We call it the inner theta series associated to A^,\ We set 6a.o - 0 if Vo is empty. 

We introduce these theta series because the difference between 9a ,i and 9a ,o somehow 
approximates AG). It will be discussed as follows. 

Approximation by induced theta series 

We start with two invariants of GL 2 (A) defined in terms of the Iwasawa decomposition. For 
g e GL 2 (A), we define 5(g) = and Poo(g) = Yl v \oo Pv(dv)■ Here the local invariants 

are defined as follows. 

For any place v, the character 5 V : P(F V ) -> M x defined by 

1 

a 2 

d 
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extends to a function S v ■ GL 2 (F V ) -> R x by the Iwasawa decomposition. 

If v is a real place, we define a function p v : GL 2 (iA) C by p v (g) = e l6 if 

( a b \ I cos 9 sin 9 \ 
d J - sin 6 cos 6 J 


is in the form of the Iwasawa decomposition, where we require a > 0 so that the decomposition 
is unique. 

Resume the notation in the last subsection. Now we consider the relation between the 
non-singular pseudo-theta series A^ and its associated theta series 9a, i and 9a, o- 
We first consider the non-truncated case. Then Vo is empty, and 

A p\g) = E E 0's(9’ x ’ u )r v (g)(?> S (x,u). 

ue/i 2 \F x xeVi 


Obviously we have A^\l) = 0a,i(1), but of course we can get more. 

A simple computation using Iwasawa decomposition asserts that, if <p V] is the standard 
Schwartz function on V(F W ) x F*, then for any g € GL 2 (F„) and (x,u) € Vj (F w ) x F* n 


r v (g)(/>vi(x,u ) 


{ d—d-^ 

8w(g)—r Vi (g)cf) w (x,u) if w \ oo; 

Pw(g)~^b w (g)^r Vi (g)<f> w (x,u) if w | oo. 


Here we write d = dim V and d\ = dim V\. 

This result implies that, 

A p\g) = poo(gd(g) ± ^ L 9 A)1 (g), V g e 1 S /GL 2 (A S '). 

Here S' is a finite set consisting non-archimedean places v such that v e S' or (p v is not 
standard. 

Now we consider a general non-singular pseudo-theta series 

A v\g)= E E <f>s(9,x,u)r v (g)(l) 8 (x,u). 

u£fi 2 \F x xsVl-Vo 


We have to compare it with the difference between the same theta series 


0A,i(g)= E Y, r v 1 (9)<i>s(h x ,v)r Vl (g) ( l> s (x,u) 

U£fl 2 \F x xzVi 


and the non-truncated pseudo-theta series 

B ^\g) = E EW 5 (a«)- 

U£[1 2 \F x XZVo 


Note that is just a part of 9a, i, where summation is taken over the whole Vo but the 
representation is taken over V\. By what we discussed above, we should compare BG) with 
the associated theta series 


Q B ,o(g) = E E W o (3)0s(MwK o W 5 0g«)- 

u£fi 2 \F x xzVq 
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But this is exactly the same as 9a, o- By the same argument, there exists a finite set S' of 
non-archimedean places such that 



Poc(g) 2 1 6(g) 2 1 (9 A ,i(g) - B^\g)), V g e 1 5 ,GL 2 (A 5 '); 
pM^Sig^OAM, V g € 1 5 ,GL 2 (A 5 '). 


Our conclusion is that for any g e ls/GL^A 57 ), 

A p\g) = pooig)^S(g) L ^9 A ,i(g) -pooig)^S(g) ± ^9 A ,o(g)- ( 6 . 2 . 1 ) 

By the smoothness condition of pseudo-theta series, there exists an open compact subgroup 
K,s' of GL 2 (.Fs/) such that the above identity is actually true for any g e AVGL 2 (A S '). 


6.3 Key lemma 

Now we can state our main result for this subject. 

/ o \ 

Lemma 6.1. Let {A\ 1 }i be a finite set of non-singular pseudo-theta series sitting on vector 
spaces Vi,Q c Ve,i c Vi. Assume that the sum T.e A[ Se \g) is automorphic for g e GL 2 (A). Then 

(i) y, 4 s,) ‘ E » a „ i, 

i .£gZ/o,i 


(2) E 9At, X! @ A t ,o — 0, VfceZ>o. 

lzL k ,x lzL k , o 

Here L^,\ is the set of £ such that dim Vi - dim Vt i = k, and Lk ,o is the set of £ such that 
dim Vi - dim Vp^ = k. In particular, L 0 ,i is the set of £ such that V^i = Vi. 

Proof. Denote / = In the equation f - 'ZiA ( f e ' > = 0, replace each by its 

corresponding combinations of theta series on the right-hand side of equation (6.2.1). After 
recollecting these theta series according to the powers of Poo(g)S(g), we end up with an 
equation of the following form: 


Y,P°°^) k Kg) k fk{g) = °, 


fc =0 


Vg € AsGL 2 (A s ). 


(6.3.1) 


Here S is some finite set of non-archimedean places, K s is an open compact subgroup of 
GL 2 (As), and / 0 , fi, f n are some automorphic forms on GL 2 (A) coming from combinations 
of / and theta series. In particular, / 0 = /-£&=£„ 1 9 A( ,\- We will show that / 0 = /i = ■■■ = / n = 0 
identically, which is exactly the result of (1) and (2). 

It suffices to show fk(go) = 0 for all g 0 e GL 2 (A^), since GL 2 (F)GL 2 (A^) is dense in 
GL 2 (A). Fix g 0 e GL 2 (A^). For any g e GL 2 (F) n AsGL 2 (A s ), we have 


E p°°(ggo) k 3(ggo) k fk(ggo) = o, 


k =0 
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and thus 


£ Poo(g) k S(gg 0 ) k f k (g 0 ) = 0 
k= o 

by the modularity. 

These are viewed as linear equations of fo(go), fi(go), •, fn(go)- To show that the solu¬ 
tions are zero, we only need to find many g to get plenty of independent equations. We first 
find some special g to simplify the equation. 

The intersection K s GL 2 (A s )ng 0 GL 2 (OF)go 1 is still an open compact subgroup of GL 2 (A). 
For any g e GL 2 (F) n (iF S 'GL 2 (A 5 ) n g 0 GL 2 (O p) g^ 1 ), we have 

ggo = go • go l ggo e s , oGL 2 (0_f). 

Then Sf(gg 0 ) = Sf(g 0 ), and our linear equation simplifies as 

n 

Y,P°°(9) k 5°o(g) k 5f(g 0 ) k fk(go) =0. 
k =o 

To be more explicit, consider 9n = ( ^ ^ j f° r any N e Z. Then we know that c/at e 

GL 2 (F) n (KsGL 2 (A s ) n ( 7 0 GL 2 (Of)^ 1 ) when N is divisible by enough integers. Explicit 
computation gives 

poo(gN)S°o(gN) = (1 + iN) 

where n - [F : Q], The we have 

n 

£(1 + iN)- nk S f (g o ) k f k (g o ) = 0. 

k-0 

Any n+l different values of N imply that all fk(go) - 0 by Van der Mond’s determinant. □ 

7 Derivative series 

The goal of this section is to study the holomorphic projection of the derivative of some mixed 
Eisenstein-theta series. We will first review the construction of the series Vrl'{ 0, g, <fi) treated 
in [ ZZ, Chapter 6], the analytic ingredient for proving Theorem 1.5. Then we compute 
the series under some assumptions of Schwartz functions. The final formula contains a term 
L'(0, rj)/L(0, rj) which is a main ingredient of our main theorem in the paper. In [ ZZ], this 
constant terms was killed under some stronger assumptions of Schwartz functions. 

7.1 Derivative series 

Fix a Schwartz function cp e S(Mx A x ) invariant under UxU for some open compact subgroup 
U of B^. Start with the mixed theta-Eisenstein series 

10 ,g,<f>)u= £ £ <5(73) s £ r(ig)<l>{xi,v). 

ue/ifjXFx 7eP 1 (F)\SL 2 (F) x^E 


48 


It was first introduced in [ ~ZZ, §5.1.1]. 

The derivative series Vrl'{ 0, g, (j)) is the holomorphic projection of the derivative /'(0, g, (j)) 
of I(s,g,4>). It has a decomposition into local components as follows. 


Eisenstein series of weight one 

To illustrate the idea, we first assume that </> = </>i <g> as in [ ZZ, §6.1]. Then 

I( s ,9A)u = E d (9, u ,<h) E(s,g,u,(j) 2 ), 

where for any g e GL 2 (A), the theta series and the Eisenstein series are given by 

0(g,u,<f> i) = E r (9)4>i(x!,u), 

x\ tE 

E(s,g,u,(j> 2 ) = E ^h9) s r^g)M°^ u )- 

76P 1 (-F)\SL2 (-F) 

The Eisenstein series has the standard Fourier expansion 

E(s,g,u,<j> 2 ) = + E W a (s,g,u,<j> 2 ). 

atF 

Here the Whittaker function for a e F, u e F x is given by 

W a (s,g,u,<j> 2 ) = / 5(wn{b)g) s r(wn(b)g)(j)2(0,u)i/j(-ab)db. 

J A 

We also have the constant term 

Eo(s,g,u,<[> 2 ) = S(g) s r(g)(j) 2 ( 0 ,u ) + W 0 (s,g,u). 

For each place v of F, we also introduce the local Whittaker function for a e F v , u e F* by 

W a ,v(s,g,u,<j> 2iV ) = / S(wn(b)g) s r(wn(b)g)(j) 2jV (0,u)il; v (-ab)db. 

J F v 

For a e F*, denote 

WZ v (s,g,u) = %^ v W a>v (s,g,u), 

where ^/ U}V is the Weil index of ( E v ,uq ). Normalize the intertwining part by 

Wov(s,g,u,(/) 2:V ) = w + \D v \- l >\d v \-hw 0 , v (s, g, u, (j) 2jV ). 

Vv) 

In the following we will suppress the dependence of the series on (j>,(j)i,(j> 2 and U. 
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Decomposition of non-constant part 

It is easy to have a decomposition 

E'(0,g,u,(f)2) = Eo(0,g,u,(f)2) E W a,v'( 0 , g,u,fa)W”( 0 ,g,u,(t) 2 ), 

v azF x 

according to where the derivative is take in the Fourier expansion. This gives a decomposition 
of Eventually, [YZZ, §6.1.2] converts the decomposition into 

r(P,g) = - E J '(°^)(^) + E o(g> u )K( Q >g> u )> 

v nonsplit 


where for any place v nonsplit in E, 

I\Q,9,(p)(v) =2-f K$\g,(t,t))dt. 

J Cu 

Here 

C v = E x \E x (A f )/E x (A f ) n U 

is a finite group and the integration is just the usual average over this finite group. The 
series 


^\g,(t iM)) = E E k r(t 1 ,t 2 )^(9,y,u)r(g,(t 1 ,t 2 ))(l) v (y,u) 

usfi^\F x yzB(v)-E 

is a pseudo-theta series. In the case (j) v = (f>i tV ® </> 2 ,n under the orthogonal decomposition, it 
is given by 


L(1 n,) 

k^(g,y,u) = vol ( E ly (g) 0 iAyi’ u ) w u q (y 2 ),v'(°’ 9 ,u,<t> 2 ,v), 92 *0. 

Here (g. y, u) is linear in <f) v , and the result extends by linearity to general </> (which are 
not of the form <pi ® 0 2 )- 

In [ ZZ], Assumption 5.3 was put to kill the minor term E' 0 (0,g,u). In this paper, 
however, we will not impose this assumption, since E' o (0,g,u) gives terms matching the 
Faltings height from the arithmetic side. In the following, we give a little computation 
about it. 

Decomposition of constant term 

Now we treat the derivative of the constant term 

E 0 (s,g,u,4>2 ) = ti(gy r (g)M°i u ) + W 0 (s,g,u). 

It was actually computed in the proof of [ , Proposition 6.7] (before applying the degen¬ 

eracy assumption). 
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In fact, by definition 


W 0 (s,g,u) = - J^L-Wfa, 9,«)]1I 0 »I } KI 4 

L{S + l, 7 ]) v 


L(s, rj)/L(0, rj) 


L(s +1,7])/L(l,rj) 

We take the normalization Wq v (s, g,u) because 

Wo!«(0,J,u) =r(g)<f> 2 ,„( 0 ,«) 




for all v, and 

Wo, v (s,g,u) = 5 v (g)~ s r(g)(j)2,v(0,u ) 
for almost all u. See [YZZ, Proposition 6.1]. 

So the expression gives the analytic continuation of Wo(s,g,u). Taking derivative from 
it, we obtain 


Wo(o ,g,u) 


d_ 

ds 


s=0 


log 


L(s,g) 
L(s + 1 , 77 ) 


\r(g)<h(0,u) - Y w o,v'(°^i u ) r (9)(p v 2(0,u). 


In summary, we have 


J'(o ,g,<f>) = - Y -co Y Y r ^)^{y,u) 

v nonsplit u£fifj\F x W^E 

~Y E E c tv(g,y,u)r(g)(p v (y,u) + 2log5(g) Y r (g)Hy,u), 


v u£fi^\F x y^E u£y? K \F x ,yzE 


where the constant 


and 


Co = ^| s =o(log 


L(s,rj) \ 
L(s + 1 , 77 )/ ’ 


The term 


c^(g,y,u) = r E (g)(j) hv (y,u)Wo tV '(0 : g 1 u) + log5(g v )r(g)(j) v (y 1 u). 
J'(O,0,<£)(u) = 2 / _ K^\g, (t,t))dt 

J Cu 

is as before. Both sums over v have only finitely many non-zero terms. 

By the functional equation 

L{ 1 -s,7]) = \d E /d F \ s ~^L(s,g), 


we obtain 

c° = SyT^-Y + log |<W<fcl- 

L(0,r7) 

Note that here L(s, 77 ) is the completed L-function with gamma factors. 

The decomposition holds for (j> - (j) 1 ® 02 , but it extends to any cj) e <S(B x A x ) by linearity. 
In other words, k ( p v (g. y, u) and c^Xg^.u) are defined by linearity. We will see that we can 
actually have coherent integral expressions for them. 


51 







Holomorphic projection 

As in [ ZZ, §6.4-6.5], we are going to consider the holomorphic projection of I'(0,g,<fi). 

Denote by A(GL 2 (A),u;) the space of automorphic forms of central character cu, and 
by Ao 2 \GL 2 (A), u) the subspace of holomorphic cusp forms of parallel weight two. The 
holomorphic projection operator 

Vr : A(GL 2 (A),o;) —► Af, 2) (GL 2 (A),u;) 

is just the orthogonal projection with respect to the Petersson inner product. 

Consider the action of the center A x on l'(0,g,(f)) by 

z -'—► r(0,zg,<l>). 

The action factorizes though the finite group F X \A^/U nA^. It follows that we can decompose 
r(0,g,<j)) into a finite sum according to characters of this finite group. In other words, 

A(0, g, </>) = ©,;A(GL 2 (A), u>i), 

where the direct sum is over the finite group of characters Ui ■ F X \A^/I/ nA^C x . Hence, 
the holomorphic projection Vrl'(0,g,c/)) is still a well-defined holomorphic cusp forms of 
parallel weight two in g e GL 2 (A). 

We can apply the formula in [ hZZ, Proposition 6.12] to compute Vrl'(0,g,(f). Note that 
the formula takes the same form in all central characters, and thus can be applied directly to 
Vrl'{ 0, g , f>), if it satisfies the growth condition of the proposition. For the growth condition, 
we make the following assumption. 

Assumption 7.1. Fix a set S 2 consisting of 2 non-archimedean places of F which are split 
in E and unramified over Q. Assume that for each v e S 2 , the open compact subgroup U v is 
maximal, and 

r (g)4> v (0, u) = 0, V g e GL 2 (F„), u € Fjb 

This assumption is exactly [YZZ, Assumption 5.4], Under the assumption, VrI'(Q, g, (jf) 
satisfies the growth condition of the formula for holomorphic projection. The proof is similar 
to that in [ ZZ, Proposition 6.14], Alternatively, one can expression F(f),g,f>) as a finite 
sum of F(0,g,x,4>) for different X- 

Finally, we have the following conclusion. 

Theorem 7.2. Assume that f> is standard at infinity and that Assumption 7.1 holds. Then 
Vrf(0,g,<l>) u = -Y,r(0,g,<l>)(v) - £ 

t?|oo ‘u-f'oo nonsplit 

-d E E r (9)Hy, u ) - E E E c 4 >Ag,y,u)r{g)cny,u) 

ytE* w+oo u£/if\F x ytE x 

+ z E (2log 5f(gf) + log \uq(y)\ f ) r(g)<j)(y,u). 

uzyfj\F x ytE x 

The right-hand side is explained in the following. 
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(1) For any archimedean v, 

J'(O,0,0)(v) =2-f t K^{g,{t,t))dt , 

J Cu 

=Wu E lim s-o E r(g,(ti,t 2 ))(l)(y)a k v , s (y), 

aeF x y^fiu\(B(v) x -E x ) 

k („i-E (i±A r _ 1 _ dt 

vAV) 2(4t t) s J i t(l-\(y)ty +1 ’ 

where X(y) = q(y 2 )/q(y) is viewed as an element of F v . 

(2) For any non-archimedean v which is nonsplit in E, 

I'(Q,g,<l>)(v) = 2-f JC^\g,(tfi))dt, 

J Cu 

^\g,(t I,t 2 ))= E E k rtti,t 2 )^(9^y^ u )r(g,(h,t 2 ))(l) v (y,u), 

uzyfj\F x yeB(v)-E 

L(1 By) 

bv(9,y,u) = ^^j^r(g)(fi !V (yi,u)W° q ( y2 ^J (0, g, u, (j) 2jV ), y 2 ± 0. 

Here the last identity holds under the relation 4> v = <fi tV ®<f> 2)V , and the definition extends 
by linearity to general <f v . 

(3) The constant 

L',(0.V) 

C ' L,( 0, V ) 

(4) Under the relation fi v = fii jV 0 2 , V) 

c^fig,y , U) = r E (g)fii,v(y,u)W^ v '(0, g , u) + \og5{g v )r{g)fi v {y,u ). 

The definition extends by linearity to general fi v . 

Proof. Apply the formula of [ ZZ, Proposition 6.12] to each term of 

J'(0 ,9,</>)=- E E E r (^)^’ u ) 

v nonsplit u€/i^\F x U^E 

-E E E c <t>v(g^y^ u ) r (g)4> v (y,u) 

v u£yfi\F x U £ E 

+ 2 log 5(g) E E r GM?h«)- 
u^y? K \F x y^E 

Denote by Vr' the image of each term. Note that the holomorphic projection of /'(0, g , <f>)(v) 
is already computed in [YZZ, Proposition 6.15]. 


+ log| d E /d E 
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Note that Vr' does not change l'(0,g,<j))(v) for non-archimedean v since it is already 
holomorphic of parallel weight two at infinite. Similarly, we have 


tv £ Y, r (a)<i>(y,u) ]= X! X r (a)Hy,u), 

\u€/iy\F x yzE ) u£[i^j\f* 

‘Pr'l E X <^( 9 >y> u ) r ( 9 v )<l> v (y,u )) = X X c <t>v(9,y,u)r(g v )(l) v (y, u ), v \ oo. 

\uefi%j\F* y^E J u£ii^j\F x y^E* 

The only changes are to remove the contributions of y = 0, because the results do not have 
constant terms. 

If v is real, we claim that 

c<j> v (g,y,u) = o. 

For this, it suffices to check that 

ws tV (s,9, u ) = KaY s r{g)^. 2 ,«(o,u), a e gl 2 (m). 

The behaviors of the intertwining operator v (s, g,u) under the left action of P(M) and 
the right action of SO(2,R) are the same as those of h((/)~ s r(g)0 2i „(O, u). It follows that 
two sides are equal up to a constant possibly depending on s. To determine the constant, it 
suffices to check W° )v (s. 1 ,u) = 1. In the proof of [YZZ, Proposition 2.11], there is a formula 
for Wo }V (s,l,u) in terms of gamma functions, which implies the result we need here. 

It remains to take care of 

log<%) X E r(g)Hy> u ) = — i°g 5(0) X r (a)Hy, u )- 

uz^F* ytE* Wu (y,u)eii. u \(E*xFx) 


Here g,u = F x n U , and wjj = |{1, -1} n 171 is equal to 1 or 2. The identity holds as in the case 
of usual theta series. Its first Fourier coefficient is just 

— X log 5(g)r(g)<f>(y,u). 

W U (y,«) ew \(B»xf«)i 


Write 


log S(g)r(g)</>(y,u) = log 6(g f )r(g)(j)(y,u)+ log5(g 00 )W^ 2) (g 00 ) ■ r(g f )(j) f (y,u). 

Then Vr' doesn’t change the first sum of the right-hand side since it is holomorphic of 
weight two at infinity, but changes logh(g , 00 )I / Fl 2 l(g , 00 ) in the second sum to some multiple 
c 2 W^Ygoo) = c 2 r(g)(j> 0o (y,u), where c 2 is some constant to be determined. As a conse- 
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quence, 


TV I log 6(g) X XK^Gh^) 

\ usfi^j\F x ytE J 

= -— X E log Sf(d*(a)g f )r(d*(a)g)<j)(y,u) 

W u atF* (y,u)e Fu \(E*xF*) 1 

+ c 2 — X! X r(d*(a)g)<f>(y,u) 

W u a<=F * (y,u)£ii u \(E x xF x ) 1 

1 

= E EC og%/) + \og\uq(y)\ 2 f )r(g)(j)(y,u) + c 2 E E 

ueyJ r \F x y^E* 


As for the constant, we have 

c 2 


r „. = 47r lim 

[F ; Q] 


im f y s e 2vy (logy 2 )ye 2n V— = 2 tt [ 
; - > o Jf v .+ y Jo 


e 4ny log ydy - --(7 + log4-7r). 


Here 7 is Euler’s constant. Then the combined constant 

£'(0,7/) 


Ci = Cq - 2 mc 2 = 2 ' 


£( 0 ,t/) 


+ log\d E /d F \ + (7 + log47r)m. 


Here m - [F : Q], The gamma factor 


gives 


Thus 


,(s,??) - (tt s fr(^E)J 


£'oo(0,7/) 1 t . , , , 

MM) = "2 m( 7 + log 47r )- 


£#■(0, 7 /) 

Cl = 2 7 — 7t ;—7 + lo e I^W^fI 

£/(o, 7/) 


□ 


7.2 Choice of the Schwartz function 

To make further explicit local computations, we need to specify the Schwartz function. 

Start with the setup of Theorem 1.5. Let F be a totally real held, and E be a totally 
imaginary quadratic extension of F. Let B be a totally definite incoherent quaternion algebra 
over A-A F with an embedding E A -> B of A-algebras. Let U = fh+oo U v be a maximal open 
compact subgroup of B^ containing (the image of) 0* E = Ylv+o°0 Ev - A s l n Theorem 1.5, 
assume that there is no non-archimedean place of F ramified in E and B simultaneously. 
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Note that we have already assumed that U v is maximal at any v \ oo. Denote by Ob„ the 
O^-subalgebra of B„ generated by U v . Then 0 Bt , is a maximal order of B„, and U v = 0£ is 
the group of invertible elements. Furthermore, the inclusion 0 F c U v induces Oe v c O b „. 

As for the Schwartz function 0 = <g>„0„, we make the following choices: 

(1) If v is archimedean, set 0„ be the standard Gaussian. 

(2) If v is non-archimedean, nonsplit in E and split in ®, set 0„ to be the standard char¬ 
acteristic function ln„ x n x ■ 

^n v w p v 

(3) If v is nonsplit in B, set 0„ to be lo* x o* (instead of 1 o B „xo* )■ 

(4) There is a set S 2 consisting of two (non-archimedean) places of F split in E and 
unramified over Q such that 

^ - 1 + Nv + N 2 1 ®T(ObJ 2 xO^ , Vn € S 2 . 

Here w v denotes a uniformizer of Op v , and 

(ObJ 2 = { 2 : € 0 Mv : v(q(x)) = 2 }. 

(5) If v is split in E and v i S 2 , set (f) v to be the standard characteristic function 1 o Bv ®1 o* ■ 

By definition, (j) is invariant under both the left action and the right action of U. 

Note that (4) seems least natural in the choices. However, it is made to meet Assumption 
7.1. In fact, as in the proof of [ , Proposition 5.15], any function of the form 

L0o ~ deg(L) 0 o, 0 o € S(B V x F 0 ), L € C^BjOSJ 

satisfies the assumption. The choice of (4) comes from 0 O = 1 o* ® 1 o* and L = 1 (o B „) 2 - It 
is classical that deg((OB„) 2 ) = |(0 B „) 2 /0^| = 1 + N v + N%. 

For any v \ 00 , fix an element ) v e 0^ v orthogonal to E v such that v(q(j v )) is non-negative 
and minimal; i.e., v(q(j v )) € { 0 , 1 }, and such that v(q(j v )) = 1 if and only if B^ is nonsplit 
(and thus E v /F v is inert by assumption). We check the existence of ) v in the following. 

If v is nonsplit in B (and inert in E), then is the unique maximal order of B„. It 
is easy to see the existence of j„. We have v(q() v )) = 1 and an orthogonal decomposition 
Om v = Oe v + OeJv 

If v is split in B, start with an isomorphism M 2 (Of v )- By this isomorphism, 

acts on M = 0 2 F , and thus the subalgebra Op v also acts on M. Fix a nonzero element 
m 0 e M. We have an isomorphism Op v ->• M of 0^-modules by t ^ tom 0 . Thus it induces an 
O^-linear action of on Oe v , which is compatible with the multiplication action of Op v 
on itself. Set ) v e to be the unique element which acts on Oe v as the nontrivial element 
of Gal (E v /F v ). Then ) 2 = 1 and ) v t) v = i for any t e Oe v ■ It follows that ) v is orthogonal to 
E v , and q() v ) = -1 satisfies the requirement. 
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For any non-archimedean place v nonsplit in E, let B(v ) be the nearby quaternion 
algebra. Fix an embedding E -> B(v ) and isomorphisms B(v) v > - B„a for any v' + v, which 
are assumed to be compatible with the embedding E& -+ B. At v, we also take an element 
j v e B{v) v orthogonal to E v , such that v(q(j v )) is non-negative and minimal as above. We 
remark that this set {) v > ■ v' + n} u {j v } is not required to be the localizations of a single 
element of B(v). 

Lemma 7.3. Let v be a non-archimedean place of F and D v c Op v be the relative discrimi¬ 
nant of E v /F v . Then in the above setting, 

D v Om v c Oe v + OeJv c Om v - 

Furthermore, Om v = Oe v + OeJv if and only if v is unramified in E. 

Proof. This is classical. Assume that v is split in B, since the nonsplit case is easy. For 
any (full) lattice M of B„, the discriminant is the fraction ideal of F v generated by 
det(tr(a;jXj)), where xi,---,x 4 is an Op v -basis of M. In particular, if M' c M is a sub-lattice, 
then [d M : d M /] = [M : M'] 2 . Direct computation gives d 0lt = 1 and do E +o E jv ~ D 2 . The 
statement follows. □ 


7.3 Explicit local derivatives 

Let (U,(j),j v ,j v ) be as in §7.2. The goal of this subsection is to compute k c j )v (l,y,u) and 
c^(l ,y,u). The computations are quite involved, though the result are not so complicated 
eventually. The readers may skip this subsection for the first time and come back when the 
results are used in the comparison with the height series. 

Throughout this subsection, v is non-archimedean. For y e B(v) v , write y = yi + y -2 with 
respect to the orthogonal decomposition B(v) v = E v + E v j v . By Lemma 7.3, if v £ S 2 and 
v is unramified in E, we have a decomposition <f> v - v ® f >2 v with - 1 o E j v xO x ■ Here 

d>i v - 1 Op xO x if v is split in B, and &\ v - 1 o* xO x if v is nonsplit in B. 

rjv Fv ’ F v F v 

All Haar measures are normalized as in [YZZ, §1.6], unless otherwise described. 


Derivative of Whittaker function I 

Lemma 7.4. (1) Let v be a non-archimedean place inert in E. Then the difference 

k^,(l,y,u) - (f) v (yi,u) ■ lo Ev j v (y2 ) • ^(v(q(y 2 )/q() v )) + l)logW 
extends to a Schwartz function on B(v) v x Ff whose restriction to E v x Ff is equal to 


MVi u ) 


Mw(h)l f 

(l + iV-i)(l-W) 


logW- 
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(2) Let v be a non-archimedean place ramified in E. Then the difference 


k^(l,y,u) -<j>v(yi,u) -lo Bv j v (y 2 ) ■ ^(v(q(y 2 )) + l)logW 

extends to a Schwartz function on B{v) v x Ff whose restriction to E v x Ff is equal to 




\d v \- 1 


2(1 - N v ) 2 


+ ~(v(D v ) - 1) log N v + -a v (y,u), 


where 


<*v(y,u) = lc | ~ A /' • lg-1 0 Ev -0 Ev (y) E N v f My + % 2 ,u)dx 2 . 

\D.. 2 ,,-n jD n 


I D 


v(d v )~1 

E 

n-0 


The result allows more ramifications of v in E or B than its counterpart in [YZZ, Corollary 
6.8(1)]. The computation follows a similar strategy, but it is more complicated due to these 
ramifications. 

Recall that if <f v = (j>i tV ® 0 2i „, then 

kj>v(l,y,u) = O,l,«,02,„). 

Here vol( Ef ) is given in [YZZ, §1.6.2], By [YZZ, Proposition 6.10], 

OO o 

Wf v (s, 1 ,u,(h, v ) = \d v \Hl - K s ) E N v ns+n / Mx 2 ,u)dx 2 , 

n= 0 JD n (a) 


where 

D n (a) = [x 2 e IRR : uq(x 2 ) - a e 

and d:c 2 is the self-dual measure for (E v ) v ,uq), which gives vo 1 (( 9 eJ„) = |Z)„| 2 |d u ug(j„)|. In 
the following, we will always denote a = uq(y 2 ) for simplicity. 

We can also obtain a coherent expression of k^il,y,u) which does not require 4> v to be 
of the form ® fi 2>v . In fact, in the case <f v = (f>i tV ® (j) 2)V (and u is nonsplit in E), the above 
gives 


kfail, V,U) = L '- 1 ' \ (fl, v (Pl, U) • 1 8=0 (I <k 1 * ( 1 ~ N v S ) E N v US+n f (p2,v( X 2 ,u)dx 2 

vol {Ef) ds \ J D n (a) 

= %^-^u(kg^(i-iv-)givr s+n f t Uyi + x 2,u)dxX 

vol (El) ds \ ,to JD n (a) J 


The last expression is actually valid for any (f> v . It is nonzero only if u e Of , which we will 
always assume in the following. 

The computation relies on a detailed description of D n (a). For example, we will see that 
D n (a ) is empty if n is sufficiently large, so the summation for fc^(l,y,u) has only finitely 
many non-zero terms. Then the derivative commutes with the sum. 
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In the following lemma, v is a non-archimedean place nonsplit in E. Consider 


D n (a) = {x 2 e E v ) v : uq(x 2 ) - aeft 1 }. M e a e u q( E vJv) 


and 

Ai = {x 2 € E/y j,,: tig(x 2 ) €pX; 1 }, ueO x Fv . 
Lemma 7.5. (1) If v is inert in E, then 

( D n if n < v(ad v )] 
D n \ a ) - \ 

10 if n > v(aa v ). 


(2) If v is ramified in E, then 

\D n if n < v(ad v ); 

D n {a) = f 

|^0 if n > v(ad v ) + v(D v ) - 1 . 

If v(ad v ) <n< v(ad v ) + v(D v ) - l, then 

vol(£>n(a)) = |D„|3 • |^| • | a | w ■ N^ adv) ~ n . 

Here the volume is taken with respect to the self-dual measure for ( E v ) V) uq), which 
gives vol (0 E j v ) = \D v \ 2 \d v \. 

Proof. The key property is that a is not represented by ( E v j v ,uq), since it is represented by 
(E v j v ,uq). 

We first consider (1), so v is inert in E. Then v(a) + v(uq(x 2 )) for any x 2 6 E v ) v since a 
is not represented by ( E v j v ,uq ). It follows that 

v(uq(x 2 ) - a) - min{i;(a),i;(ttg(a; 2 ))}. 


The result follows. 

Now we consider (2), so v is ramified in E. If n < v(ad v ), the result is trivial. Assume 
that n > v(ad v ) in the following. Let e v be the smallest integer such that 1 +pl v c q(Ef). By 
the class held theory, we have e v -v(D v ). 

The condition x 2 e D n (a) gives 

a- l uq{x 2 )zl + p7 v{adv) . 

By a - uq(y 2 ) with y 2 e E*j v , the condition becomes 

vM/qM el +pT v(adv) . 

Note that q(E*) v ) and q(E*j v ) are exactly the two cosets of Ff under the subgroup q(E*) 
of index 2. Then q(x 2 )/q(y 2 ) always lies in the non-identity coset. Hence, D n (a ) is empty if 
n - v(ad v ) > e v by the definition of e v . 
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It remains to compute vol (D n (a)) for v(ad v ) <n< v(ad v ) + e v -l. Write m-n- v(ad v ), 
which satisfies 1 < m < e v - 1. The above condition on x 2 is just a~ l uq(x 2 ) e (1 +p™). We 
need to consider the intersection (1 +p™) na~ 1 uq(E x ) v ). By the definition of e v , we see that 
(1 +p™) is not completely contained in either q(E*j v ) or q(E*j v ). Thus (1 +p™) is partitioned 
into two cosets q(E*) v )r\{l+p™) and q(E*j v )r\(l+p™). In particular, (l+p^ra^uq^Efjy) 
is one of the cosets. Therefore, 


v°l((l + P™) n a 1 uq(E*j v ),d*x) 


1 

2 


vol(l + p 


m 
v 5 


d x x ) 


vol (Op v ,d x x) 
2 (N v - 1 )N™~ 1 


\dy | 2 

2(N v -l)N™~ r 


Here the volumes are under the multiplicative measure d x x = but we will 

convert it back to dx. Similar measures dx and d x x are defined on E v as in [ ZZ, §1.6.1- 
1.6.2], Both measures are transferred to E v ) v by the identification E v ) v -> E v sending ) v to 
1. The induced measure dx on E v ) v is compatible with the self-dual measure with respect 
to the quadratic form uq. 

Therefore, 


vol (D n (a),d x x) = vol (El) ■ vol((l + p™) n a 1 uq(E x j v ),d x x) = 


| E v | 2 | dy 


(N v - l)N^ 


The additive volume is just 


vol (D n (a),dx) = 


Ce v ( 1 ) 


vol (D n (a),d x x) = 


' |^i;| 2 ’ | d v 

N m 

’ V 


□ 


Derivative of Whittaker function II 

The goal of this subsection is to prove Lemma 7.4. 

Proof of Lemma 7.f. We first consider (1), so we assume that v is inert in E. We will take 
advantage of the decomposition f> v = ® 0 2 ,„, which simplifies the computation slightly. It 

amounts to computing the derivative of 


OO o 

Wf v (s : l : u) = \d v \ 2 (l-Nf s ) £ Nf ns+n / Mx 2 ,u)dx 2 . 

n =0 JD n (a ) 


Note that we always write a = uqiy-i). By Lemma 7.5, 

v(ad v ) 


W° v '(0,l,u) = \d v \UogN v Y N v f (j> 2 ,v(x 2 , u )dx 2 

n =0 J D r ! 


It is nonzero only if v(a) > -v(d v ). The part of -v(d v ) < v(a) < 0 does not affect the final 
result, so we assume that v(a) > 0 in the following. 
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If n < v(cl v q( j„)), then OeJ v c D n ] if n > v(d v q(j v )), then D n c OeJv It follows that 


(v(d v q() v ))-l v(ad v ) 

W: tV \0A,u)=\d v \hogN v [ Y Kvo\(OeJ v )+ Y N v vol(A0 

n =0 n=v(d v q(j v )) 


=KI 2 log W 


M»?0„)|-1 + ’‘g 0 Ar» vo l(A,)|. 


1 - At, 


Note that 


v n=v(d v q( j„)) 


r n-v(d v q() v )) + l -j 

D n =p l v 2 


so 


K vo\(Dn) = At, 


n-v 

V 


(d v qO v ))- 2 [ n - vid *f v » +1 ] 1 if 2 I (n - v{d v q(J v )); 


[A 1 if 2 -f (n- u(c4<?0„)). 
Since n(g(j„)) and v(a) always have different parities in this inert case, we have 


k<f, v (i,y,u) =- 


log At,, / \d v q() v )\ - 1 v(q(y 2 )) - v(q(j v )) + 1 




1 + N- 1 \ 1 - At,, 

This finishes the proof of (1). 

Now we prove (2), so v is ramified in E. We need to compute 

d 


(1 + JV; 1 )). 


d r 

k^i 1 ,y, u ) = . _ , 1 • -r\s=o (1 - K s ) Y N v ns+n / A(2/i + x 2 ,u)dx 2 

2 D,, 2 «S \ n =0 JD n (a) 


2|A 

We first use Lemma 7.5 to write 




log A 
2|A|3 


v(ad v )+v(D v )—1 


X! A" / cj) v (yi + x 2: u)dx 2 . 

n =0 J D n (a) 


It is zero if u(a) is too small, so k$ v (l,y,u) is compactly supported. 

In this ramified case, the first complication is that k^ v (l, y. u) can be nonzero for some 
2 /i t O e „ ■ Write 


k^(l,y,u) = k^(l,y,u) ■ lo Ev (yi) + k (/>v (l,y,u)- l Fjv -o Ev (yJ- 

We first treat the second term on the right-hand side, so we assume that y\ e E v - 0 Fv - 
We claim that k^Jl.y, u) ■ 1e v -o Ev ( 2 / 1 ) I s naturally a Schwartz function on B(v) v x F*. 
In fact, by Lemma 7.3, in order to make (j) v {y\ + x 2 ,u) nonzero in the formula of k^il^y^u), 
we have 

2 /i e D~ 1 0 Ev - 0 Ev , x 2 £ D~ 1 Oe v )v ~ 0 E J V - 

Then both v(q(yi)) and v(q{x 2 )) are bounded from the above and the below. Consider the 
behavior when a = uq(y 2 ) approaches 0. By Lemma 7.5, x 2 e D n (a ) only if 

n < v(q(x 2 )) + v(d v ) + v(D v ) - 1 < v(d v D 3 ) - 1. 
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The second bound is independent of a. Hence, if v(a) is sufficiently large, then D n (a ) = D n 
independent of a. So k^l,y,u) ■ 1 e v -o Ev (?/i) I s a Schwartz function on B{y) v x F*. 

For the restriction to E v x F*, set y 2 0. The above discussion already gives 

% 

We can further change the bounds of n in the summation from [0, v(d v Dl) -1] to [0,w(4)]> 
because x 2 e D n implies 

n < v(d v ) + v(cj(x 2 )) < v{d v ). 

Then the expression is exactly the function -ay in the lemma. 

It remains to treat ,y,u) ■ 1 o Ev (yi)- Assume that yi e Oe v ■ Then 


(1) Vly O ’ 1 E v -O e (Hi) 


log N v 
2\D V \\ 


'-Ev-Oe, 


v(d v nl)-\ 

(yi) E N v I Mdi + X 2 ,u)dx 2 . (7.3.1) 

n =0 J Dn 


hvO-iyi u ) 


log N v 
2\D v fi 


v(ad v )+v(D v )~1 

E Kvo\(D n {a)nO E j v ). 


n =0 


The sum is nonzero only if v(a) > -v(d v ) - v(D v ) + 1. The behavior of (1, y, u) when 
v ( d v ) - v(D v ) + 1 < v(a) < 0 does affect our final result. So we assume that v(a) > 0 in the 
following. 

The computation is similar to the inert case. Recall that vol (Oe v ) v ) = \D V \ 2 \d v \ and 


D n (a) = {x 2 e E v ) v : uq{x 2 ) - a epX 1 }- 


Split the summation as 


The first sum gives 


The second sum gives 


00 v{d v )~ 1 v(ad v ) v(ad v )+v(D v )-l 

E= E + E + E 

n =0 n =0 n=v(d v ) n=v(ad v )+l 


log N v v ^-\ m , |4| -1 , Ar 

- E vol (O e Jv) = — 1 — lo g N v . 


2| D v 


2 72=0 


2(1-W) 


lOg Ny 


v(ad v ) 


lncr N V ( ad v) 

E A^vol (D n ) = -i-J E AT” • Ny (n ~ v(dv)) \D v \^\d v 


211 2 n=v (cL v ) 


By Lemma 7.5, the third sum gives 


2\D v \2 n=v(d v ) 

i(u(a) + 1 ) log 


lncr N v(adv)+v(D v )- 1 

—— E N v vol(D n ) 

| 2 n=v(ad v )+l 
v(ad v )+v(D i; )-l 

,i E K-\D v \- 2 -\d v \-\a\ v -N v v (ad ^- n 


log N v 

2 |-D W | 2 n=v(ad v )+l 

= \(v(D v )-l)\ogN v . 


(7.3.2) 


(7.3.3) 


(7.3.4) 
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Combining equations (7.3.1)-(7.3.4), we obtain the result for ramified v. The proof of Lemma 
7.4 is complete. □ 


Derivative of intertwining operator 

Lemma 7.6. For any non-archimedean place v and any (y,u) € E v x Ff, 


<l>v(y,u) 


c<j> v (l,y,u) = c/) v (y,u)-\og\d v q(j v )\ + - 


<!>v(y,u) 

0 , 


2(\d v q(h)\ ~ 1 ) 

{1 + Nr')(l - N v ) 


log N v 


1 - N v 


log N v + a v (y, u), 


if E v /F v inert ; 

if E v /F v ramified ; 
if E v /F v split. 


Here 

\ogN v v(d v )-i 

atv(y,u) = —— r ' 1 D^o Ev -o Ev (y) E N v I My + X 2,u)dx 2 
\D v \2 n=0 JD « 

as in Lemma 7.4- 


Proof. The proof is similar to that of Lemma 7.4. We first introduce some formulas for 
0^(1, y,u). Recall that if <f> v = 4>i, v ® f>2,v, then 


c<t> v (l,y,u) = cj) ltV (y,u)Wo jV '(0, l,u, f> 2 ,v), 


where the normalization 


Wo Js,l,U,(j)2,v) = lu!v\ D v\ 2 1 d, 


,_i L(s + 1 ,Tj v ) 
2 - 

L(s,r ) v ) 


hho,t)(s, 1, U, (f>2,v)- 


Note that the statement of [YZZ, Proposition 6.10(1)] is only correct for a e F* due to the 
different normalizing factor defining Wq ^(0,1, u, However, its proof actually gives 


H / o,d(s, 1, tt, (f>2,v') 


'7tt,u|djj| 2 (1 


•) E K 

n =0 


/ 

J Dr, 


4>2,v( X 2, U )d u x 2, 


where 

D n = {x 2 € E v ) v : uq 2 (x 2 ) e Pydf 1 } 

and the measure d u x 2 gives vo\{Oe v } v ) = \D v \i\d v uq() v )\. Putting these together, we have 


d 


c^,(l,y,M) = (/)i,v(y^ u )--^\s=o\\Dv\ 2 

d, /, nl .i£(s + U) 
d S ls=0 V 1,1 2 L(s,^) 


iL(s + l,r/„) 


oo ^ \ 

(1 -N?)Y,N? u+n (f)2,v( x 2,u)d u x 2 

n= 0 -J Dn j 


L(s,r ) v ) 

(1 -N4 s )Y,N; ns+n [ cf v {y + x 2) u)d u xX 

n =0 ~'£ ) n / 


The last expression actually works for any f> v (not necessarily of the form f>i tV ® 
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For convenience, denote 


= \D v \-t L [* + Lr [ v) (1 - N- s ) f; N- ns+n f cj> v (y + x 2 ,u)d u x 2 , 


so that 

C 0 »( 1 . 2 />w) =^„( 0 ). 

Note that c^ v (s) or c<^(l ,y,u) is nonzero only if u € Op , which we assume in the following. 
We will check the lemma case by case. 

First, assume that v is inert in E. Then (j) v = <pi jV ® <p 2 . v with (j> 2jV = 1o b j„xO£ , and 

C0»(l,2/,«) = <f>i,v(y> u ) w o,v '(Mw)- 


Split the sum in 


W, 


0,v 


OO p 

(s,l,n) = 'y UjV \d v \^(l-N~ s )Y J N~ ns+n (p 2>v (x 2l u)dx 2 

n =0 X D n 


into two parts: n < v(d v q() v )) and n > v(d v q(j v )). Denote n - m + v(d v q() v )) in the second 

r m+1 j 

case, and note D m+vidvq ^ v)) = p v 2 O e J v . We have 
W 0 tV (s,l,u) 

/ v(d v q(] v ))-l 

= lu,v\d v \Hl - N~ s ) £ N-n^VO\(0 E j v ) + Y ^ 


vol ( D m+V ( c i v q(j v ) ) ) 


- lu,v\dv\^\D v \Hl-N- s ) 
Then 


\ d vq(h)\ 1 + N, 

\ S 1 ) 


-D+i)' 


1 -AT 


1 - N~ 2s 

± y V 


ir 0 %( s , i,«) = (i - n;‘) i + + |d„ 9 ()„)|‘. 

l + w: (s+1) l - ne s 1} 


We get 


w o,v '(0,1 ,u) = log \d v q(j v )\ + 


2 (\d v q()v)\ ~ 1) 
(1 + N?)(1-N V ) 


logW- 


This finishes the inert case. 

Second, assume that v is ramified in E. Consider 


OO o 

c^ v (s) = \D v \-Hl-N- s )Y N v ns+n / 4>v(y + X 2 ,u)dx 2 . 

n =0 -J D n 

As in the proof of Lemma 7.4, the first complication of this ramified case is that C 0 v (s) can 
be nonzero for some y £ 0 Ev , but it can be treated similarly. 
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In fact, assume that y £ 0 Ev and c^(s) + 0. In order to make <p v (y + X 2 ,u) nonzero in 
the formula of c^, v (s), we have 

V e D- l O Ev - 0 Ev , x 2 e D v l O E j v - 0 E J V . 

Then x 2 e D n gives 

n < v(q(x 2 )) + v(d v ) < v(d v ). 

Then the summation for c<^(s) is a finite sum. We have 

= 5^(0) = \D V \~5(logN v ) Y K f 4>v(y + x 2 ,u)dx 2 . 

n =0 -• Dn 


This is exactly the function a v in the lemma. 
Now we assume that y e 0 Ev . Then 


oo 

= \D V \-*(1 - N~ s ) Y K ns+n vol (D n n 0 E J V ). 


n =0 


The computation is similar to the inert case. Split the sum into two parts: n < v(d v ) and 

m 

n > v(d v ). Denote n - m + v(d v ) in the second case, and note D m+V ( dv ) = p„ 2 0 E j v . We have 




'v(d v )~1 


= |Artl-Ar s ) Y W n(s_ 1 ) vol(OE v j^) + Y N v^ m+v( ' dv ^ ( ' s - 1 ^vo\(D m+v ( dv ' ) ) 


n =0 


m =0 




1 - N, 


Thus 


C^( l,y,u) =C^(0) = log \d v \ + ^ v \ N l log N v . 

Third, consider the case that E v /F v is split and v £ S 2 . Then |g(j„)| = \D V \ = 1 and we use 
it to relieve the notation burden. We compute 

C0„( l,y,u) = 4>i tV (y,u)W^ v '(0,1,u). 

As before, split the sum into n < v(d v ) and n > v(d v ) and write n-m + v(d v ) in the second 
case. We have 


W 0}V (s, l,u) 

= lu ,v\dv\H±-K S ) 


| d v | | d 


,1-K 


IYY + |4| s £ N v 

m =0 




^(s-l) ^ < - ) l(D m+!; ( c ; ti ) n 0 Ev ju) 
vol (O e J v ) 
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Identify E v - F v © F v and 0 Ev = 0 Fv © 0 Fv . For simplicity, we identify E v ) v with E v by 
sending j„ to 1. Then 

Dm+v(dv) n O Ev = {(zi,z 2 ) € 0 Fv ®0 Fv : ziz 2 ep™} = 0 Ev -{(zi,z 2 ) € 0 Fv ®0 Fv : v(z l )+v(z 2 ) < m-1}. 
Thus 

m-1 

vol (D m+v(dv) n 0 Ev ) =vol (0 Ev ) - Y, vol(^0>Jvol(0 F „ -p™~ k ) 

k =0 

m-1 

=vol(0 B ,) - vo1(Oe.) E JV-*<1 - jvy)(l - 

k =0 

=yo\(0 Ev )(N- m + (1 - N~ 1 )mN~ m ). 


Therefore, 

W 0}V (s,l,u) 


^f u ,v\d v \2 (1 - N v s ) 


Ttx.vKlk 1 -N v s ) 


f FLhJl + |4|. g Jvr"<-»(JV-™ + (1 - Ay)miV-"-)) 

\ 1 - iv/ ; m=0 / 

( \dy\-\d v \ s , u is i-at; ( - +1) \ 

\ 1 - Ny^ s ~^ ' 1,1 (1-iV-) 2 /' 


Hence, 


wo, , -1 1 - A r T 5 1 , 1-1 w , , , (1 - iV - s ) 2 Kl - Id, 

I'FqjuC®) 1) ^) — Tu.t; ^ „ T -C«+1 2 Id o^(s, 1, n) 


l-7V ? 7 (s+1) 


+ |rf„ 


1 - AC (s+1) 1 - jV,7 (s-1) ' 


The first term has a double zero and no contribution to the derivative, so 


w o, v '(0,1,u) = log|d„|. 

This finishes the case that E v /F v is split and v £ S 2 . 

Fourth, we treat the case v e S 2 , which is the last case. Then v is split in E, and 

^ V ~ v X °F v 2 + N v + N 2 ' 

Note that |g(j„)| = |d„| = 1 by assumption, so the result to prove is exactly c^ v {l,y,u) = 0. 
Recall that c^ v (l,y,u) is the derivative of 

(1 - N~ s ) 2 ~ r 

c<^( s ) = - ETE E N v ns+n / <t>v(y + X 2 ,u)dx 2 . 

1 - NE S+1} ^0 J D n 

We will make separate computations for 

Vh = l o^oi v , ^2 = l OT -i(o B j 2 xO^ • 

The results will be 0 for both functions. Make identifications E v ) v - E v ^ F v © F v as above. 
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Start with 


C 0 i( s ) 


(i - A'r ) 2 
i - iv; <,+1) 


OO o 

E N~ ns+n / ^(y + x 2 ,u)dx 2 . 

n =0 Dn 


It is nonzero only if y e which we assume. For the integral, write x 2 = (zi, z 2 ) e F v © F v . 
Then we have 


c^i(s) - 


(1 


N~ s Y ~ 

_ _ t’ / Ar-ns+n 

1 - iY t 7 (s+1) io w 

■VOl{(Zi,2!2) 6 0 Fv 


0 Fv ■ Z\Z 2 6 P%, q(y ) - ^ 1^2 € Or }. 


If (/(?/) e p v , in order for the volume to be nonzero, we have to have z\z 2 e Op and n = 0. 
The summation has a single nonzero term equal to 1. Then 0^(1 ,y,u) =0. 

If q(y) e Op , we can neglect the term with n - 0, since a single term does not change the 
derivative due to the double zero of the factor (1 - N~ s ) 2 . Then the remaining terms give 

fl - N~ s ) 2 ^ 

--7^7 E ' VOl{(z U Z2) € 0 Fv © 0 Fv : Z\Z 2 € #}. 

1 - 1 j n=l 

A similar summation has just been computed above, and the eventual result is still (1, y, u) 
0. (Note that d v - 1 in the current case.) 

Now we treat 

fl - N~ s ) 2 ^ r 

c^O) = - 777T)T. N v ns+n / ip 2 (y + x 2 ,u)dx 2 

1 - NO s+1) ~>D n 

fl - N~ s ) 2 A 

V_ 2__u ) AT-ns+n 

l-N~ (s+1) ^o 

■vol{( 2 :i, z 2 ) e p~ l ©pjj 1 : Zl z 2 £Pv, q(y ) - z x z 2 € 0 F J. 


Here we have assumed u e Op and will assume y e zzj~ 1 0in order to make the situation 
nontrivial. It is similar to the case 0i ■ 

If q(y) £ 0 Fv , the summation has no nonzero term and thus 0 ^( 1 , y,u) = 0. 

If q(y) e p v , the summation has a single nonzero term coming from n - 0. Then 
c^{l,y,u) = 0 again. 

If g(p) € Op , we can neglect the term with n - 0 again. The remaining terms give 


fl - N~ s ) 2 ~ 


i - jv; 1 " 1 ' „.i 
(1-W7 ) 2 
1 - JV, 7 ( " 1) ...i 


E^. 


-ns+n 

v 


' vol{(7i,2;2) tPv 1 ®p v l ■ Ziz 2 ep™} 

' Nl ■ vol {(z[,z’ 2 ) 6 e P” +2 }- 


Here we have used the substitution z t = w v l z[. Then it is similar to the computation above 
and still gives 0^(1 ,y,u) = 0. This finishes the case v e S 2 . □ 
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Remark 7.7. It is not surprising that some (complicated and un-wanted) terms in the result 
of Lemma 7.4 appear in that of Lemma 7.6. In fact, it just reflexes that the identity 

=W& (0,1, u), 

a-> 0 

which fails due to convergence issues, actually holds for some pieces of the two sides. Even¬ 
tually we need these terms to cancel each other in order to get a neat Proposition 9.2. 

8 Height series 

In this section, we study the intersection series of CM points, the main geometric ingredient 
for proving Theorem 1.5. We will first review the construction of the series Z(g, (£ 1 ,^ 2 ), 0) 
in [ ]. Then we will compute this series under some assumption of Schwartz functions. 

In particular, we will obtain a term for the self-intersection of CM points which contributes 
a main term for the identity in Theorem 1.5. In [YZZ], this term was killed under a stronger 
assumption of Schwartz functions. 

8.1 Height series 

Let F be a totally real number held, and B be a totally definite incoherent quaternion algebra 
over F with ramification set £. To avoid complication of cusps, we assume that |E| > 1. For 
any open compact subgroup U of Bp we have a Shimura curve Xu, which is a projective 
and smooth curve over F. For any embedding t '■ F C, it has the usual uniformization 

XuAQ = B( T y\r xM* f /u. 

Here B(t) denotes the nearby quaternion algebra, i.e., the unique quaternion algebra over 
F with ramification set E \ {r}. 

For any xeBJ, we have a correspondence Z(x)u defined as the image of the morphism 

(ftu x ,u,ftu x ,u ° Tz) : X Ux — >X V x X v . 

Here U x = U n xUx~ l , ttu x ,u denotes the natural projection, and T x denotes the right multi¬ 
plication by x. In terms of the complex uniformization, the push-forward action gives 

Z(x)u : [z,P]u ■—+ X! i z >Py]u- 

ytUxU/U 

Generating series 

We first recall the generating series in [YZZ, §3.4.5]. For any <p e <S(B x A x ) invariant under 
K = U x U, form a generating series 

Z(gA)u = Z 0 (g,(j))u + Z*(g,4>)u, g e GL 2 (A), 
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where 


Z 0 {gA)u = ~ E E E o( a V K#)^) l k . o.i 

azF:\A*/q(U) mnl\F* 

Z*{g,fi)u = wu E E r(g)(/>(x,aq(x) x ) Z(x) v . 

atF* X £U\M x f /U 

Here gu - F x n U, and wu = | {1, -1} n U\ is equal to 1 or 2. 

For our purpose on the height series, we will see that the constant term Z 0 (g, <f)u can be 
neglected in our consideration, since its contribution is always zero. 

Theorem 8.1. [YZZ, Theorem 3.17] The series Z{g,(fi)u is absolutely convergent and defines 
an automorphic form on g e GL 2 (A) with coefficients in Pic(X(y x X v ) c . 

Height series 

Let E/F be a totally imaginary quadratic extension, with a fixed embedding E& <->■ B over 
A. In [ 'Z], it takes a CM point P e X E * (A ab ) on the limit of the Shimura curves. In this 

paper, we only consider the point Pjj e Xjj (A ab ) for fixed U. For a more precise description, 
fixing an embedding r : F C, take Pu = [zo, 1 ]u based on the uniformization 

= B(t ) X \[) ± X Mf/U, 

where zq e fi is the unique fixed point of E x in (i via the action induced by the embedding 
E B(t). For simplicity, we write P for Pjj. 

In terms of the uniformization, there are two sets of CM points in X[/(A ab ) for our 
purpose: 

C'u = {[zo,t]u : t € E*(A f )}, CMc = {[z 0 ,/3]u : (3 € M x f }. 

It is easy to have canonical bijections 

C v = E x \E x (A f )/U, CMu = E x \M x f /U. 

We will abbreviate \zo,(3]u as [/5] or just fi. 

For any t e E x ( A), denote by 


[t] - [t]u - [ z 0,tf\u 

the CM point of X Ut (C), viewed as an algebraic point of Xjj. Denote by 

t° = [t]u = Wcr - £u,t 

denotes the degree-zero divisor on Xu, where = £u,t is the normalized Hodge class of degree 
one on the connected component of 

Recall from [ ZZ, §3.5.1, §5.1.2] that we have a height series 

Z(g,(t 1 ,t 2 ),<f))u = (Z(g, <t>)u ^) nt , ti,t 2 £ E x (Af). 
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Here Z{g,(j))u acts on as correspondences. Here the pairing is the Neron-Tate height 
pairing 

(v)nt : Jjj{F) c x Ju{F)c — >( C 
on the Jacobian variety Jjj of Xu over F. 

By linearity, Z(g,(ti,t 2 ),(f))u is an automorphic form in g € GL 2 (A). By [YZZ, Lemma 
3.19], it is actually a cusp form. In particular, the constant term Z Q (g,(f>) of the generating 
function plays no role here. 

Decomposition of the height series 

By the theory of [ /, §7.1], we are going to decompose the height series into local pairings 

and some global terms. We will use (possibly) different integral models to do the decompo¬ 
sition. 

Assume that (B,E,U) satisfies the assumptions of §7.2 in the following. In particular, 
U is maximal at every place, and there is no non-archimedean place of F ramified in both 
E and B. 

Let Xu be the integral model of Xjj over Of introduced before Corollary 4.6, and let Cu 
be the arithmetic Hodge bundle introduced in Theorem 4.7. We are going to use (Xu,£u) 
to decompose the Neron-Tate height pairing. 

Note that every point of CMy is defined over a finite extension Ft of F that is unramified 
above £(B/). The composite of two such extensions still satisfies the same property. By 
Corollary 4.6, the base change Xu : o H i s Q-factorial for such H. Then arithmetic intersection 
numbers of Arakelov divisors are well-defined on Xu,o H ■ Take the integral model 37/ used 
in [ ZZ, §7.2.1] to be X Ut o H (without any desingularization). We get a decomposition of 
Z(g,(ti,t 2 ))u by the process of [YZZ, §7.2.2], 

We do not know whether Xu is regular everywhere or smooth above any prime of F split 
in B. If both are true, then Xu,o H is already regular, and the decomposition here is the same 
as that in [ ]. 

Vanishing of the pairing with Hodge class 

Now we use freely the notations of [ ZZ, §7.1-7.2], For the height series, the linearity gives 
a decomposition 

Z(g, (ti,t 2 ))u = {Z*(g,(fi)uti,t 2 ) - {Z*(g,(f)) u t ll t it2 ) ~ {Z*(g,<t>)u€ti,t 2 ) + {Z*(g,4 , )u£t 1 ,£t 2 )- 

Here the pairings on the right-hand side are arithmetic intersection numbers in terms of 
admissible extensions, as introduced in [ 7ZZ, §7.1.6]. 

Now we resume the degeneracy assumption in 7.1, which mainly requires that there is a 
set S 2 consisting of 2 non-archimedean places of F split, in E and unramified over Q such 
that 

r(g)<t>v(0,u) = 0, V g e GL 2 (F„), u e Fv e S 2 . 
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By [YZ , Proposition 7.5], the assumption kills the last three terms on the right-hand side 
and gives the simplification 


As in [ ZZ, Proposition 7.5], we have a decomposition 

Z(g,(ti,t 2 ))u = ~i(Z*(g,(j)) u t 1 ,t 2 ) - j(Z*(g,<f>)uti,t 2 ). 


Here the Apart is essentially arithmetic intersection number of horizontal parts, and the 
j-part is the contribution from vertical parts. 

Now we have a decomposition to local intersection numbers by 


j(Z»(g)ti,t 2 ) = Y J jv(Z*(g)ti,t 2 )logN v . 


V 


The sum is over all places of F, and we take the convention log N v = 1 if v is real. Decom¬ 
posing the local intersection number in terms of Galois orbits, we further have 



Here 


C v = E x \E x (A f )/E x (A f ) n U 


is a finite group and the integration is just the usual average over this finite group. 

Unlike the j-part, the decomposition of the Apart into local intersection numbers is com¬ 
plicated due to the occurrence of self-intersections. We have to isolate the self-intersections 
before the decomposition. Such a complication is diminished in [ ] by Assumption 5.3 

in it, but we cannot impose this assumption here. In fact, the assumption kills all possible 
self-intersections, but the purpose of this paper is to compute these self-intersections! 

Self-intersection 

The self-intersection in (Z*(g)ti,t 2 ) comes from the multiplicity of \t 2 ]u hi Z*(g)ti. By 
definition, 


Z*(g)ti = wu E E r(g)(j)(x) a [tix]. 


asF* xeM x f /U 


Here r(g)0(x) a = r(g)cj)(x,a/q(x)). See also [YZZ, §4.3.1] for this formula. 

Note that [Hx] = [A] as CM points on Xu if and only if x e ti 1 t 2 E x U. It follows that 
the coefficient of \t 2 \u in Z*(g)t\ is equal to 


Wu E E r{g)^x). 


Wu E E r( 6 r)0(U 1 A2/)a- 


atF* xzt- 1 t 2 E*UIU 


acF x y tE*/(E*nU) 
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Note that Hu - F x nU has finite index in E x n U, the above becomes 


Wjj 


E E r< y9\tiM))(t){y)a 


[E x n U : nu] aeF x yeE x/^ v 

= TV* ' /' • „ 1 s E r(^,(ti,t 2 ))0(|/,w). 

[E n U ■ Hu\ u eiJ,fj\F' x ytE* 

The last double sum already appeared in the derivative series, and will continue to appear 
in local heights. So, we introduce the notation 

u^ 2 v \f x ytE* 


Finally, we can write 

i(Z*(g)ti,t 2 ) = i(z»(g)t 1 i ^2 ) proper 

Here 


+ lE*nU:,„V ’ h) - 


Improper = i(z,(g)t- l - * 2 j 

is a proper intersection. The proper intersection has decompositions 

(*?)^1 ? ^ 2 )proper — E4(Z.(9)i 15 ^ 2 ) proper log iV„, 

> ^2 ) proper 


) proper dt. 

Cu 


We further have an identity i(t 2 ,t 2 ) = z(l,l) since [1] and [f] are Galois conjugate CM 
points. 


8.2 Local heights as pseudo-theta series 

Now we are going to express the local heights iy(Z*(g)ti, t 2 )proper and jy(Z*(g)ti,t 2 ) in 
terms of multiplicity functions on local models of the Shimura curve. The idea is similar to 
'Z, Chapter 8], with extra effort to take care of the self-intersections. Note that in [ ZZ], 
self-intersections vanish due to a degeneracy assumption, which we cannot put here. 

Archimedean case 

Let v be an archimedean place. Fix an identification B(Af) = Bj, and write B = B(v). The 
formula is based on the uniformization 

Xu, v (C) = B:\t)xB x (A f )/U. 
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Resume the notations in [ 'Z, §8.1]. In particular, we have the local multiplicity function 

m s ( 7 ) = Q s (l- 2 A( 7 )), icb;-e* v . 

Here ^ 

Q s (t) - f (t + Vt 2 - 1 cosh-u^ du 

is the Legendre function of the second kind. For any two distinct CM points [/?i \u, \P 2 \u e 
CM[/, denote 

9s(P i,^ 2 )= X! mail) 

Then the local height has the expression 

iv(Pi,P 2 ) = lim s ^ 0 g s (Pi,p 2 ). 

Here lim s _» 0 denotes the constant term at s - 0 of g s ((zi,Pi), (- 2 , P2)), which converges for 
Re(s) > 0 and has meromorphic continuation to s - 0 with a simple pole. 

In [ '], the formula works for distinct points \Pi\u and [/3 2 ] u- In this paper, we extend 

it formally to any two points. Namely, for any /?i, /5 2 e CM*/, we denote 

g s (Pi,P2)= X ) 1 u(Pl lr yp2), 

7 


and define 

L)(A, A>) =lim s _o^ s (/3i,/3 2 ). 

With the extra new notation, we have the following result. 


Proposition 8 . 2 . For any ti, t 2 e Cjj, 

iy(Z*(g,(j))t 1 ,t2)proper = M ( £ ) (g,(ti,t 2 )) - (tl, h)) 

where 


%{g,{t u t 2 )) = X X r ( 9 ,(ti,t 2 ))(j>(y,u), 

u£iifj\F x yzE* 

M^\g,(ti,t 2 )) = wu X lim^o X r(g,(t 1 ,t 2 ))(l)(y)am s (y). 

azF* y^u\{Bl-E x ) 

Proof. By definition, 


\^* 1 ^2)proper — ? ^2) 


/ n^(g,(ti,t 2 )) 

\[E*nU:nu] 2 ’ 



Here the first term on the right-hand side makes sense by the extended definition of i$ to 
self-intersections. The rest of the proof is the same as [YZZ, Proposition 8.1]. □ 
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Supersingular case and superspecial case 

Let v be a non-archimedean place of F non-split in E. Let B = B(y ) be the nearby quaternion 
algebra over F. We will write the local pairing Li as a sum of pseudo-theta series following 
the idea [Y ]. The situation is more complicated by the self-intersections here. Note that 
v can be either split or non-split in B, but the exposition here are the same (before going to 
explicit, computations). 

Recall from [ ZZ, Lemma 8.2] that for any two distinct CM-points \fti\u e CM^ and 
\h]u e Cjj, their local height is given by 

iv(/3i,t 2 )= X m (7^,/5rJ)lc/-((/3i) _ 1 7^2)- 

jenu\B x 

Here the multiplicity function m is defined everywhere on 


Ito, = b; x e; wju, 

except at the image of (1,1). It satisfies the symmetry m(& - 1 ,/3 -1 ) = m(b,/3). 

The summation is only well-defined for \(3\ ]u * [t 2 ]u- Otherwise, we can hnd 7 € E x such 
that (3{ 1 jt 2 € U, and the term at 7 is not well-defined. Hence, we extend the definition to 
any two CM-points [Pi\u e CMj/ and [t 2 \u e Cjj by 


iv(Pi,h) 

7 £fiu\(B x -E x r\/3iUt 2 1 ) 

= X r n('yt2v,Piv) 1 u«((Pi)~ 1 r/t^) + X ‘rn(yt 2 „,fc*)l U v((ffi)- 1 'YtZ) 

= x m (lhv,Piv) 1 u-((Pi)~ lr yt^)+ X ‘rn('Yt 2v ,Pi$)luv((Pi)- 1 jtZ). 

Wv\(B*-E*) 7 ^c/\(^ x -/ 3 it/^ 2 1 ) 

The dehnition is equal to the previous one if \fti\u + \t 2 \u- bi Lemma 9.4, we will see that 
iv(t 2 ,t 2 ) can be realized as a proper intersection number via pull-back to Xu> for sufficiently 
small U' with U' v - U v . 

With the extended dehnition, our conclusion is as follows. 


Proposition 8.3. For any t\.t, 2 e Cu, 

iv(Z*(g,<j>)t i,t 2 )proper = M^ v) (g, (H ,t 2 )) + J^ v) (g, (tl , t 2 )) - fy(0,(*!,*2)), 


where 


M§\g,(t 1} t 2 )) 

Mj v) (g,(ti,t 2 )) 


X X r ( 9 ,(ti,t 2 ))<l>(y,u), 

ue/xg r \F x 

E E r(g, rn^g^t^iy^), 

ytB-E 

E E r(g, (ti,t 2 ))(f) v (y, u ) r(H, t 2 )n r(g)(j>v (y, u ), 
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and 


m<j> v (y, u )= E m (y> x 1 ) ( t ) v{x,uq{y)lq{x)), (y,u) e (B v - E v ) x F*; 

rreBJ jU v 

n<t> v (y, u )= E m(y,x~ 1 )(j) v (x,uq(y)/q(x)), (y,u)eE* xFf. 

xe(B x -yU v )/U v 

Proof. By the extended definition of i Tjl it suffices to prove 

iv(Z*(g, (j))ti,t 2 ) = M ( 0 V \g, (h,t 2 ))+J\fj v) (g, (t u t 2 )). 

The left-hand side is equal to 

wu E E r (9) ( i ) ( x )a E x~ 1 t^ 1 )l U v(x~ 1 tf 1 -ft 2 ) 

azF x ieB ^,/U 7 Sfiu\(B x -E x ) 

+ Wu E E r (y) ( i ) ( X )a E m{-it2 ) X- 1 t- l 1 )l U v{x- 1 r i l ^t 2 ). 

atF x xtM’j./U 'y^y,u\{E x -t\xU v t2 1 ) 

The first triple sum is converted to M^\g } (ti,t 2 )) as in [ ZZ, Proposition 8.4], and the 
second triple sum is converted to Af^ v \g, (ti,f 2 )) similarly. □ 

Here we use the convention 

^2') n r(g)<f) v (jji w) — 'Tlr(g)cf> v ifl 2/^2) ^(^1^2 )^0 - 

Note that in the above series, we write the dependence on (ti,t 2 ) in different manners for 
rrifa and n^„. This is because (y, u ) translates well under the action of P(F v )x (F* x£*), 
but n ( / >v (y,u ) only translates well under the action of P(F V ). 


Ordinary case 


Assume that v is a non-archimedean place of F split in E. Then B„ is split because of 
the embedding E v B„. In this case, the treatment of [Y ZZ, §8.4] is not sufficient for our 
current purpose, so we write more details here. 

Let V\ and u 2 be the two primes of E lying over v. Fix an identification B„ = M 2 (F V ) 


under which E v 


F v 

F v 


Assume that v\ corresponds to the ideal 



and u 2 


corresponds to ^ ^ j of E v . 

We will make use of results of [Zh] . The reduction map of CM-points to ordinary points 
above hi is given by 


E*\w f /u —> a ,x \(a^(f„)\gl 2 (f„)) X B y/u. 


The intersection multiplicity is a function 


m Pl : GL 2 (F V )/U V —»Q 
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supported on N(F V )U V /U V explicitly as follows. If U v = (1 + p r v 0 ^ v ) x for some r > 0 , then 
[Zli, Lemma 5 . 5 . 1 ] gives 

mui ( 1 ) " K~ vW ~\n v -i) 

for b e F v with v(b) < r - 1 . Note that the case v(b) > r corresponds to self-intersection and 
is thus not well-defined. 

Lemma 8 . 4 . The local height pairing of two distinct CM points \( 3 \]u e CMy and [t 2 ]u e Cjj 
is given by 

1^2)= X! ™ei(ti 1 'y~ 1 Pi)lu”(Pi 1 'yt 2 ). 

Proof. Denote the right-hand side by i^{P 1Y2)'■ We first prove that i Pl (/ 3 i,f 2 ) = 2 Pl (/3i,f 2 )' 
if U v is sufficiently small. In that case, by the local moduli of [Zh] , i Pl (/ 5 i,£ 2 ) is nonzero only 
if there is y 0 e E x such that y 0 tfU v = P”U V and tY% l Pi e X(F V )U V . In this case, i,-^ (Pi , t 2 ) 
is equal to Pi)■ Then it suffices to check that in the expression of z Pl (/ 3 i,f 2 )', the 

summation has only one nonzero term which is exactly given by 7 = 70. In fact, assume that 
7 e E x satisfies 

mvA^T^PiYu^iPYlh) * 0. 

Write 7 = 7'7 0 . Then the condition becomes 

Win PiYu v (PYlO^Y) * 0. 

It gives 'y '- 1 N(F V )U V c N(F V )U V at v and 7' e U v outside v. The former actually implies 
7 ’ eU v . Then we have 7' e U n E x . The condition that U is sufficiently small implies that 
U n E x - nu. In fact, [U n E x : pu] is exactly the ramification index of [t 2 ]u- Hence, 7 = 70 
in pu\E x . This proves the case that U is sufficiently small. 

Now we extend the result to general U. Let U' = U V U ,V be an open compact subgroup of 
B f with U' v c U v normal. Assume that U' v is sufficiently small so that the lemma holds for 
Xu'- Consider the projection 7r: Xu> -> Xu- By the projection formula, we have 

ivi([Pi\u, [h]u) = i^-YlPYu), [h]u')- 

To compute the right-hand side, we need to examine 7r : Xu> -»■ X v more carefully. By the 
right multiplication of U on Xu', it is easy to see that the Galois group of Xu> -»■ Xu is 
isomorphic to U/(U'pu)- It follows that 

7r_1 ([A]t/) = X [Pi u \u' = 7-:-7 X [Pi u ]u'- 

uzUHU'nu) lT u • Affi'J uzU/U' 
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We can further change the summation to tie U v jU' v . Then 


ii?i([Pl]u, [h]u) 


iv i(7T 1 ([Pl]u),[ t 2 ]u') 


1 

[/ 4 / : 


E ivi([Pl u \u f ,[t2\u') 

utU/U' 


7---T E E l Pl)lu'”(u 1 P 1 1 ^t 2 ) 

l^u ■ Hu'\ U zU v /U' v ^fi v ,\E x 

7---T E 

7 enuXE* 


This finishes the general case. □ 

Just like the other cases, the above summation is only well-defined for \Pi ]r/ * \h]u- But 
we extend the definition to any \Pi\u and [t 2 ]u by 

ivAPrM) = E m *l (. t 2 1 'y- 1 Pl) 1 U'’(Pi 1 1ft2) 

'y(=/iu\(E*-/ 3 iUt 2 1 ) 

'Y£/j, u \(E x -/ 3 iU v t- 1 ) 

It is equal to the original pairing if \_P\\u + \t 2 ]u- 

If \Pi\u = \t2\u, then we can assume that Pi -t 2 , a simple calculation taking advantage 
of the commutativity of E x simply gives 


ip! (£2,^2) - 0 , V \t 2 \u 6 Cu- 

So in this case, the definition does not give anything new. 

The results hold for is 2 by changing upper triangular matrices to lower triangular ma¬ 
trices. For example, the intersection multiplicity m P2 ■ GL 2 (F V )/U V — >Q is supported on 
N t (F v )U v /U v and given by 


mui [b l) N r v ~ v ^-\ Nv - 1) 

for b € F v with v(b) < r - 1 . Then we also have a similar extension for ip 1 (Pi,t 2 ). 
Passing to v, we have 

my = + m P2 ), % = + ip 2 ). 

Now we have the following result. 
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Proposition 8.5. For any ti,t 2 € Cjj, 

iv(z*(g,<i>)t i, ^2) proper 

where 

^ v) (g,(ti,t 2 )) = X X r (9,(t 1 ,t 2 ))(j) v (y,u) r(ti,t 2 )n r(ff )^(j/,u), 

uefi^\F x y$E x 

and 

n <t>v(y, u ) = 7; X <j) v (yx v ,u) m Vl (x) 

A x v e(N(F v )U v -U v )/U v 

+ \ X <t> v (,yx v ,u) m V 2 (x) 

Z x v ^N^F v )U v -U v )/U v 

for any ( y,u ) e E* x F^ x . 

Proof. Note that the extended intersection number iv(t 2 ,t 2 ) = 0 automatically. It suffices to 
check 

i*(z*(g,<l>)ti,t2) =Mj v) (g,(t u t 2 )). 

The left-hand side is equal to 

w v E E r(g)<l>(x)a X 

azF x xzMj/U 'ye/iij\(E x -tixU v t^ 1 ) 

By 1 t 1 1 7f 2 ) = 1, we have aT e t 1 ln ft 2 U v ] by 7 ^ t\xU v t^, we have 27 £ Thus 

it becomes 

wu X E r (g) 4 > v {ti 1 lt 2 )a X r(g)<f> v (x v ) a m^t^^px). 

azF x 'yznu\E X x v ^{M x -t1 1 jt2U v )IU v 

It remains to convert the last sum to the desired form, which is reduced to similar results 
for U\ and v 2 . We have 

X r(g)<j> v (x v ) a m Pl (t2 1 'Y~ lt ix) 

x v i(M x -tp'yt2U v )/U v 

= X r(g)(j) v (x v ) a 77 ip 1 (t 2 1 -f- 1 t 1 x) 

x v e(tf 1 'ypiN ( L F v )U v -tf L 'yt2U v )/U v 

= X r(g)(j)v(tl 1 -/t 2 x v )a m Dl (x). 

x v t(N(F v )U v -U v )/U v 

A similar result holds for u 2 . □ 
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Decomposition of the height series 

Finally, we end np with the following summarization. 

Theorem 8.6. Assume that Assumption 7.1 holds. Then for any ti,t 2 e Cjj, 
Z(g,(t 1 ,t 2 ),<t>))u = - E ( lo g N v )-f M^\g,(tt 1 ,tt 2 ))dt 

v nonsplit J ^V 


- Y J K' ) ^XttiAt 2 ))\ogN v - E jv(Z*(g, 0)ti, t 2 ) log N v 

v\oo v\oo 


^0(^2)^2) 




[E* n U : Hu] 

The right-hand side is explained in the following. 

(1) The modified arithmetic self-intersection number 

io(t 2 ,t 2 ) = i(t 2 ,t 2 ) ~Y, i v( t 2>t 2 )logN v , 


where the local term 

iv(t 2 ,t 2 )=-l iv(tt 2 ,tt 2 )dt 

J c v 

uses the extended definition of iy. 

(2) The pseudo-theta series 

= E Yj r (9,(h,t2))(p(y,u). 

u£/jfj\F x ytE* 


(3) For any place v non-split in E, 

M < £ ) (g,(t 1 ,t 2 )) = wcr E lim «-0 E r(g,(ti,t 2 ))<j)(y) a m a (y), v\oo, 

azF* y^ v \(B x -E x ) 

M^igXhM)) = E E r (9i(ti,t 2 ))(/) v (y,u) m r(gj(tl)t2))<Pv (y,u), v f 00 . 

uzyfj\F x y^B-E 

( 4 ) For any non-archimedean v, 

^ V \g,(ti,t 2 )) = E E r ( 9 ,( t iA 2 ))<j) v (y,u) r(t 1 ,t 2 )n r{g)ct>v (y 1 u), 

u£yfj\F x ytE x 

The only new information used above is the identity 

-f -EE (g, (tt 1 ,tt 2 ))dt = Afl v \g, (ti,t 2 )). 

J C v 

This follows from the invariance 

•A ty\g, (tti,tt 2 )) =^ v \g, (ti,t 2 )), 

which in term follows from the special situation that the summation only involves y e E x in 
the definition of 
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8.3 Explicit local heights 

Let (U,(j),j v ,j v ) be as in §7.2. The goal of this subsection is to compute m l j >v (y,u) and 
n 4> v (y, u )) and treat j v (Z*(g,(f))ti,t 2 ). The results are parallel to those in §7.3. 


Local intersection numbers 

Lemma 8.7. (1) Let v be a non-archimedean place nonsplit in E. For any (y,u) € 

(B(v) v - E v ) x Ff, 


m^ v (y, u ) 


1 

<t>v(yi,u)l OEvjv (y 2 ) ■ ^(v(q(y 2 )) + 1), 

' (t>v(yi,u)lo E j v (y 2 ) ■ ~(v(q(y 2 )) + v(D v )), 

z 1 

(/>v(yi,u)l Pv o E j v (y 2 ) ■ -v(q(y 2 )), 


B„ split, E v inert; 

B„ split, E v ramified; 
B„ nonsplit. 


(2) Let v be a non-archimedean place of F. For any ( y,u ) e Ef x Ff, 

n* v (y,v) = <f> v (y,u)-'^v(q(y)). 

Proof. If v is nonsplit in E, by Proposition 8.3, 

(?/>“)= E m (y^ x ~ 1 )M x , u q(y)/q(x)), (y,u) z(b v - e v )x Ff; 

x£MZ/U v 

n</> v (y, u )= E m (y-> x ~ 1 )(j) v (x, uq(y)/q(x)), (y,u) e Ef x Ff. 

ie(BJ -yU v )/U v 

If v is nonsplit in E and split in B, then (1) is computed in [ ZZ, Proposition 8.7], except 
that there is a mistake in the case that E v is wildly ramified over F v . The mistake came from 
[YZZ, Lemma 8 . 6 ], which was in turn caused by the wrong formula of [Zh, Lemma 5.5.2], 
As a dilation, we remark that the mistake did not impact the main result of [ ] because 

the result in this case was not used in the book elsewhere. 

The correct version of [ ZZ, Lemma 8 . 6 ] is as follows. The multiplicity function m{b , /3) + 
0 only if q(b)q(f3) € Of . In this case, assume that ft e Ef h c GL 2 (0p v ). Then 

|(n(A(6)) + 1) if c = 0, E v /F v is unramified; 

bv(D v \(b)) if c = 0, E v /F v is ramified; 

mlb.p) = {* , 

Nf C (N V + 1) 1 if c > 0, E v /F v is unramified; 

\N~ C if c > 0, E v /F v is ramified. 

Only the second case is different, and it can be verified by going back to the canonical lifting 
of Gross [Gro]. Then it is easy to have the correct formula (1) of the current case. 
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If v is nonsplit in E and split in B, then (2) can be verified by the same method as in 
[YZZ, Proposition 8.7], where the only difference is that 

oo 

n<j, v {y,u) = Y j m(y- 1 ,h c )vol(E*h c GL 2 (0 Fv ) nM 2 (0 F J B ) 

C—l 


is a sum omitting c = 0. 

If v is inert in E and nonsplit in B, by Lemma 8.8, 

= \v(\(y)) l E $a+o Ev ™ v j v )(y)h(v(q(x)/q(y))). 

It follows that 

™* v (y, u ) =lv(\(y)) lE*(i + o Ev ™ v j v )(y) E !o (v(q(x)/q(y)))<j> v (x,uq(y)/q(x)). 
z xm*/u v 

Note that M*/U v = Z. It is easy to get (1). For (2), since the conditions x £ yU v and 
lo (v(q(x)/q(y))) are contradictory, we get n c f )v (y,u ) = 0. 

If v is split in E, in the setting of Proposition 8.5, 

n 4>v(yi u )=\ E 4>v(yx v ,u) m Pl (x) 

Z x v z(N(F v )-N(0 Fv ))/N( 0 Fv ) 

+ - E <p v (yx v: u) rn D2 (x). 

Z x v z(W(F v )-W(0 Fv ))/W( 0 Fv ) 

We first consider the case v i S 2 . Then is the standard characteristic function. Write 
. The summations are nonzero only if a, d e 0 Fv and u e Op , which we assume. 

For the first sum, write x v = | J j. Then we need ab e 0 Fv . Eventually, the first sum 
becomes 



y 1 = "P |(pr-p; M )/OF.I = , , 

„«(„->o P „-o F „)/o,. K vm -‘(N V - 1) k W(V - 1) 

Similarly, the second sum equals v(d). Then 

n<h(y,u ) = \(v(a) + v(d)) = ^v(q(y)). 

This finishes the proof for v i S 2 - If v e S 2 , the computation is similar, and we will get 
everywhere 0. □ 
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Multiplicity function: superspecial case 

Let v be non-archimedean place nonsplit in B and inert in E. Recall that the multiplicity 
function m is defined on 

fiv, = B(vX x E; b;/c/„. 

Note that we have assumed that U v is maximal. The following result does not need any 
restriction on U v . 

Lemma 8.8. For any (7 ,/ 3 ) e B(v) x x E * B*, we have 777,(7, P) * 0 on h q(i)q(P) e Op 
and 7 e E* ■ (1 + 0 Fv m v j v ). In this case, 

= ^v(A(7)). 

Here A('y) = 5(72)/9(7), where 7 = 71 + 72 is the decomposition according to B v - E v + E v j v . 

Instead of deformation theory, our proof uses directly the theorem of p-adic uniformiza- 
tion of Cerednik [Ce]. See also [BC]. 

Write B = B(y ) for simplicity. Denote by F™ the completion of the maximal unramified 
extension of F v , and C„ the completion of algebraic closure of F v . The p-adic uniformization 
in terms of rigid-analytic space is 

x Fv F? = B*\(n x Fv FD X w f /u. 

Here is the Drinfc’ld (rigid-analytic) upper half plane over F v , which gives f2(C„) = C V -F v . 
The group B* = GL 2 (F v ) acts on O by the linear transformation, and on B */U v = Z via 
translation by v ° q = v ° det. 

To study the intersection multiplicity, we need the integral version of the uniformization. 
The uniformization theory also gives a canonical integral model H of 0, which is a formal 
scheme over Op v obtained from successive blowing-up of rational points on the special fiber 
of 1 Po f „ • The uniformization takes the form: 

Xu Xgpf o F „ Spf Opur = R X \(D x SpfOFi) Spf Opur) X W f /U. 

Here Xu is the canonical integral model over 0 F , which is semistable at v, and Xu denotes 
the formal completion along the special fiber above v. 

The special fiber of D, or equivalently the underlying topology space of D, is a union 
of P^s indexed by scalar equivalence classes of Oi?„-lattices of F'j. Then its irreducible 
components are indexed by 

gl 2 (f v )/f;gl 2 (o F v ). 

It follows that the irreducible components of the special fiber of Xjj above v are indexed by 

B x \(GU(F v )/F*GL 2 ( 0 Fv ))xW f /U. 

Consider the set 

CM[/ = E*\B x (A f )/U - B X \(B X x E « WJU V ) x B x (A v f )/U v . 
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The natural embedding CM;/ -> Xy(C v ) is given by the embedding 

B x x E * WJU V —x Z, (7,/?) >—> (7Zo,v(q(i)q(P))), 

where Zq e Q(E V ) is the unique point in fl(C„) fixed by E*. Thus the CM-points on fl are 
given by 

K, = {(7,/?) e B; y-E; K/U, ■ v(q(~t)q(P)) = 0 } . 

As U v is maximal, the class of (7 ,/ 3 ) in it determined by 7. Thus can be identified 
with 

b;/e* v = b x v z 0 . 

Then we have a multiplicity function m on B*/E * such that 

m( 7 ,/ 3 ) = m( 7 )l 0 (u(g( 7 ) 9 (/ 5 ))), 7 e ^, / 3 eB. 0 x . 

The problem is reduced to compute 771(7), which is the intersection number of £0 with 7^0 
on the special fiber. 

The intersection number is on hi xspfO F „ SpfOi?ur. Since the irreducible components of 
its special fiber are indexed by GL 2 (F V )/F*GL 2 ( 0 Ev ), we see that 771(7) is nonzero only if 7 
lies in GL 2 (F,,)/F*GL2 (Of„). Then we can assume that 7 e GL 2 (Of w ), since the center acts 
trivially on zq. 

By the assumption, Zo and 72:0 reduce to the same irreducible component on the special 
fiber of x Spf 0 Spf 0 E ur. Remove the other irreducible components of x Spf0 Spf 0 E ur. 
We obtain a formal scheme, which is just the formal completion of ur - P 1 (/c„) along the 
special fiber. Here k v denotes the residue field of 0 Ev , and the k v -points on the special fiber 
are removed. Now the problem is elementary: Zq and ^Zq are points of P^ ur , and the goal 

Fy 

is to find their intersection number on the special fiber. We further replace P)^ iir by P R. 
which does not change the intersection number. 

The point Zo e P 1 ( 0 Ev ) corresponds to an 0 /?,-linear isomorphism £ 0 : 0 Ev -> 0 Ev , which 
is determined by Zq up to O e -action. Then 72:0 corresponds to the isomorphism f 0 °7 : 
0 E -> 0 Ev . We need to find the maximal integer n such that £ 0 and £ 0 0 7 reduce to the 
same point in P 1 ( 0 Ev /Py)- Identify E v with F£ by £ 0 , so that M 2 (F V ) acts on E v . The action 
is compatible with the embedding E "-*■ B(v) we specify at the very beginning because zq is 
the fixed point of Ey. Then the problem becomes finding the maximal integer m such that 
the image of 7 in GL 2 ( 0 Ev /py) actually lies in ( 0 Ev /py) x . 

Write 7 = a + bj v according to the orthogonal decomposition M 2 (F V ) - E v + E v j v . Here 
q(j v ) e Op by assumption. Some Op -multiple of j v acts on E v by the nontrivial element of 
Gal (E v /Fy). Hence, 777(7) + 0 only if a e O e and b e p v 0 Ev . In that case, 777(7) = v (b). 

Go back to an arbitrary 7 € GL 2 (F„). We have 777(7) ^ 0 only if 7 e E* ■ (1 + 0 Ev w v j v ). 
In that case, 777(7) = 

The j-part 

If v is a non-archimedean place of F split in B, then the j-part j v (Z*(g,<j))ti,t 2 ) = 0 au¬ 
tomatically. This is a trivial consequence of the fact that the special fiber of Xy at v is a 
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disjoint union of irreducible curves. For the fact, in the construction of Xu before Corollary 
4.6, we can take the prime p to be coprime to v, then Xu> is smooth at v. The special fiber of 
Xu> at v is a disjoint union of irreducible curves, and the quotient Xu has the same property 
since it is also a quotient of the underlying topological space. 

In the following, assume that v is a non-archimedean place nonsplit in ® and inert in E. 
Note that U v is maximal and <f v = 1 o* *o* • The j-part j v (ZJg,(f>)ti,t 2 ) is treated briefly 
in [ ] under [ ZZ, Assumption 5.3]. The result is also true in the current situation. 

Lemma 8.9. Let v be a non-archimedean place nonsplit in B and inert in E. The j-part 
j v (Z*(g, 0)r/ti,t 2 ) Is a non-singular pseudo-theta series of the form 

E E r (9)<t> v (y,u) l&(g,y,u). 

u£Lf\F* ytB{v)-{ 0 } 

Proof. Resume the notations of Lemma 8.8. Recall that 

j v (Z*(g)ti,t 2 ) =-f jv{Z*{g)tt 1 ,tt 2 )dt. 

J c v 

The integration is a finite sum, so it suffices to prove the same result for jv(Z+(g)ti,t 2 ). 

As above, denote by Ff T the completion of the maximal unramified extension of F v . As 
all CM points of CMp are defined over Ff T , the intersection number jv(Z*(g)ti,t 2 ) can be 
computed on the integral model X UOf uv By the definition in [ , §7.1.7], 


jv(Z*(g)ti,t 2 ) = Z*(g)ti-V t2 . 


Here ZXg)t\ is the Zariski closure in Xuo F u r) and V t2 is a linear combination of irreducible 
components in the special fibers of Xjjp,, m which gives the ^-admissible arithmetic extension 

of t 2 . It suffices to treat Z*(g)t-V for any t e Cu and any irreducible component V on special 
fiber of X uo 

r v 

We still use the p-adic uniformization. Recall that we have the uniformization 

Xu x Sp f o Fv Spf Of- = H x \(0 x SpfOFu Spf O^) x B }/U. 

Here B = B(v) as before. Let V be an irreducible component of the special fiber of fix SpfC , Fn 
Spf ur such that the image of (V, 1) under the uniformization is V. For any point /3 e CMp, 
the projection formula gives 

~P-V= E (7 _1 -o-'C)lo^(?(/5)/g(7)) 1 c/-(7“ 1 /5)- 

76 Hu\B x 

Here Zo e Q(Ofut) is the unique fixed section of Ef, and the intersection (y -1 ^ -V) is taken 
on Q x Spf o Fv Spf 0 F ur. 


84 





Hence, as in all the previous cases of local heights, we have 

Z*(g)t ■ V =wjj E E r (flO<K a Oa E (T lz o-V)^o x Fv (q(tx)/q(^f))l U v('y~ 1 tx) 

atF x xeM x f /U 7 €/x u\B* 

=™u E E r ig) ( t )V {t- 1 7) 0 E r (g)M x ) a (T 1 Zo-V)lo x Fv (q(tx)/q('y)) 

aeF x 7 €/i (7 \_B x x<M*/U v 

= E E r (9,(t,l))<f> v ('y,u) 

u£fi^\F x 7 6 B* 

where 

hA9,l,u)= E r( y9)^v{x,uq{-i)lq{x))lo x Fv {q{tx)lq{^)) ^Zq-V). 

X£M*/U V 

Hence, the intersection number is a pseudo-theta series. 

It remains to prove that the function 

= E M x ,uq(^)/q(x))l 0 x (q(tx)/q( 7)) (7^0 • *0, ( 7 ,“) e B x x 

zeBJ/t/,, 

extends to a Schwartz function of B v x _F„ X . The function is locally constant on H x x iy x , and 
we need to prove that its support is actually compact in B x x F x . I 11 the summation, we 
have 

g(x) e O^, uq(r/)/q(x) € O x Fv , q(tx)/q( 7 ) € O x Fv . 

It follows that /^( 1 , 7 , -u) is nonzero only if 

9 ( 7 ) e q(t)Op v , u e q(t)0 Fv . 

In particular, it is already compactly supported in u. 

To get extra information on 7 , go back to the uniformization. Note that the irreducible 
components of the special fiber of fl are indexed by 

GL 2 (F v )/F v x GL 2 (Of v ). 

Denote by aF„ x GL 2 (Oiy) the coset representing the component V. Then we simply have 

^~ 1 Zq ■ V = l a -iF x GL 2 (0 F j(7)- 

Combining with q( 7 ) e q(t)0 F , we conclude that the support of 7 in 1^(1, j, u) is either 
empty or a multiplicative coset of GL 2 (Of„). This finishes the proof. □ 

Remark 8.10. As we can see from the proof, the result holds under the more general condition 
that 0„(O,it) = 0. This condition is weaker than [YZZ, Assumption 5.3]. 
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9 Quaternionic height 

In this section, we will combine results in the last two sections to prove Theorem 1.5. We 
will prove a formula for the modified self-intersection io(1,1) by applying Lemma 6.1 (2) to 
the difference 

V(g, 0) = Vrl'{ 0, g, <f))u - 2 Z(g, (1,1))^. 

Then we will connect *o(l, 1)to the height of CM points defined by arithmetic Hodge bundles 
by proving an adjunction formula. 


9.1 Derivative series vs. height series 

Let (M,U,(j)) be as in §7.2. By comparing the height series and the derivative series, we will 
show a formula of the modified self-intersection 

i 0 (P,P) = *o(M) = *(1,1) - £i„(l,l)log JV„. 


Here i(l, 1) represents the horizontal arithmetic intersection of the CM point [1][/ e Cu with 
itself, while the local term 

i v (l,l)=4 iy(t,t)dt 

J C v 

uses the extended definition of iy(t,t ) introduced in §8.2 case by case. 

The following is the main theorem of this section. 


Theorem 9.1. 


[o; 


■■o' r ] 


■ / D D\ 1. Ve/F, 

*o(P,P) = , , n ; + , lo g(-7~)’ 

2 (Zb 


The theorem is already very close to Theorem 1.5. The bridge between these two theorems 
is the arithmetic adjunction formula in Theorem 9.3. 


The comparison 

Let (B, U, </>) be as in §7.2. Go back to 

P(g,4 >) = Vrl'^g^u - 2 Z(g, (1, l))cr- 

By Theorem 7.2, 

Vrr(0,g,(j)) u = - X! 2 / ^\g,(t,t))dt- Y 2 ~f , (t,t))dt 

-p|oo v\oo nonsplit ^ 

- E E (2logS f (g f ) + log\uq(y)\ f ) r(g)(/>(y,u) 

ueHu\ F * y* E * 

-EE E c <p v (g^y, u )r(g)(p v (y,u) 

u^\F x yzE* 

-Citing). 





Here 


and 


n L' f (O lV ) d E 
ci = 2 - , +t°g y 

/./(0,77) 


^ 0 ( 0 ) 


= E E r ( 9 )<t>(y,u)- 

uey,^\F x yeE x 


By Theorem 8 . 6 , 

Z(g,(l,l),<t>))u =~ E 0-°S N v)-f M^\g,(t,t))dt 

v nonsplit ^ 

- E • A/ ’^ ) (^>( 1 > 1 )) 1 °g^- Y, jv(z,(g^)uiA) 

V^oo v\oo 

- -i 0 (l,1)00(0). 

e 

Here we write e = [ 0 |,: 0 £] for simplicity. We already know that j v (Z*(g, </>)(yl, 1)0 0 only 
if v is nonsplit in B. 

Group the terms in the difference as follows: 

V(gA) = -2 E/ (^WM)) -M$\g,(t,t)))dt 

h|oo 

-2 E / (^(^(M)) - M^\g,{t,t)) log N v )dt 

v\oo nonsplit 
He’S f 

+ E E E d *v( 9 ,y,u) r(g)cf) v (y,u) 

ue/i^j\F x ytE x 

2 

+ (—* 0 (1,1) -ci)O0(0). 

e 

Here 


d<j> v ( g , 0, u) = 2n^(0,0, u) log W - C0„(0, y, -a) + (2 log5(0) + log |u0(0)| w )r(0)0 w (0,«), 

V 0 eGL 2 (F„), (y,u)eEZxFZ, rfoo. 

The key term for us is the coefficient of 0^(0). 

Every term in the expression of T>(g,<j>) is a pseudo-theta series, and each summation 
over v is just a finite sum. In fact, we have the following itemized result: 

( 1 ) If u|oo, then 

^\g,(t,t))-M^\g,(t : t)) = 0 . 

This follows from [ ZZ, Proposition 8 . 1 ]. In the following cases, we assume that v is 
non-archimedean. 
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(2) If v is nonsplit in F, then 


k^,(l,y,u) log N v 

extends to a Schwartz function on B(v) v x F*. Furthermore, for all but finitely many 
such v, 

hv ( 9, V, u) - m r{g)<t>v (y, u ) log A 7 ,, = 0 

identically and thus 

-M$\g,(t,t)) =0. 

The second statement is just [YZZ, Proposition 8.8]. The first statement is a conse¬ 
quence of Lemma 7.4 and Lemma 8.7. 

(3) For any v \ oo, the function 

d^ (1, y,u) = 2n ^ v (1 ,y,u ) log W - (1, y,u) + log|ug(y)|„ Mv , u ) 

extends to a Schwartz function on F„ x Fjh Furthermore, for all but finitely many v, 


d<p v (g,y,u) = 0 

identically. The first statement is a consequence of Lemma 7.6 and Lemma 8.7. From 
them, we see that (1, y. u) = 0 for all but finitely many v. The vanishing result 
extends to d r p v (g,y,u) by considering Iwasawa decompositions as in [YZZ, Proposition 
8 . 8 ], 

(4) For any v nonsplit in B, the j-part j v (Z*(g,(f>)u 1,1) is a non-singular pseudo-theta 
series of the form 

E E l ^(giy^)r(g)cj) v (y,u). 

u^y,^\F x yeB(v)-{0} 

This is Lemma 8.9. 

With these results, every term on the right-hand side of V(g, 4>) is a non-singular pseudo¬ 
theta series. Therefore, we are finally ready to apply Lemma 6.1 (2). 

The outer theta series associated to the pseudo-theta series 

%{g)= E E r (d)^(2/,w) 

ue h 2 v \F* yzE* 

is exactly the weight-one theta series 

0 n,i (g)= E E r E(g)<l>{y,u). 

u£/i^j\F x yzE 

By Lemma 6.1 (2), there is a unique identity including this theta series, and we are going to 
write down this identity explicitly. This identity will be a sum of theta series of weight one. 
We look at the contribution of every term in the expression. 


The contribution of 


(g, (t, t )) - M(g, (t, t)) log N v 
to the weight-one identity comes from its inner theta series 

E E rE(g)(f>v(y,u) r E (g)(k< j>v (l,y,u)-m < i )v (y,u)\ogN v ). 

ue/j^\F x y^E 

This sum does not change after averaging on Cjj- The term j v (Z*(g,(j))u 1,1) does not 
contribute to the identity we want. The term 

E E d <l>v(9,y,u ) r(g)cj) v (y,u ) 

u^\F x ytE x 

contributes by its outer theta series 

E E r E(g)(p v (y,u) r E (g)d^(l,y,u). 

u€h?j\f* ytE 

Hence, we obtain the following identity 

0=2 E . E E r E (g)<j>v(y,u ) r E (g)(k^ v (l,y,u) - m^,(y,u) log N v ) 

v\oo nonsplit u£)j,f\F x y^E 

+ E E E r E{g)4> v {y,u) r E (g)d (j>v (l,y,u) 

v\oo uefil\F* ytE 

+ (-*o(m)-ci) E E 7 ^)^^)- 

e utfi^XF* ytE 

Now we need the following explicit local results. 

Proposition 9.2. Let v be a non-archimedean place and ( y,u ) e E v x F*. 

(1) If v is nonsplit in E, then 

2^(1, Z/,u) -2m^ v (y,u)\ogN v + d l f >v (l,y,u) = - log \d v q(j v )\ v (j) v (y, u). 

(2) If v is split in E, then 

d,fi v (.l,y,u) = -log\d v q(j v )\ v (j) v (y,u). 

Proof. Recall that 

d</> v (1,2/, u) = 2n <j)v (l,y, u) log N v - (1, y, u ) + log \uq(y)\ v <f) v (y , u). 

The proposition is just a combination of Lemma 7.4, Lemma 7.6 and Lemma 8.7. □ 


Therefore, the identity gives exactly 


0 = f X ~ lo g|cU0„)k ; + -*o(M) -ci] X E 

W°° e / ue^F* ytE 


rE(g)(t>(y,v), 


which is just 


0 = | log I^f^bI + |*o(l, 1) - cij 9n,i(g)- 


We claim that 0n,i(g) is not identically zero. Then we get 

2 

log \d F d M \ + —z 0 (1,1) - ci = 0, 

e 

which proves Theorem 9.1. 

It remains to check that the theta series 

9n,i(g) = X X^W^w) 

is not identically zero. It suffices to check that the constant term 

X r E (g)<l>(p,u) 

u<k^\F x 

is not identically zero. For that, assume that for v e Ej or v e S 2 

9v = ( -1 ) ’ 

and g v = 1 at any other place v. By local computation, ^(< 7 )^( 0 ,1) > 0 and rg;(g)0(O, u) > 0 
for all u € F\ Then the (finite) sum over u is strictly positive. This shows that the theta 
series is nonzero. 


9.2 Arithmetic Adjunction Formula 

Now we are going to relate 

io(P,P) = =i(l,l)-X*«( 1 > 1 ) 1 °g JV « 

V 

to the Faltings height. Here i„(l,l) = 0 if v is split in E. It is essentially an arithmetic 
adjunction formula. The main result of this subsection is: 

Theorem 9.3 (Arithmetic adjunction formula). 

1 


[OJ : OJ] 


io(P,P) = -fc z „(P) 
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The theorem and Theorem 9.1 implies Theorem 1.5. The goal of this subsection is to 
prove the theorem. 

Denote by H be the Hilbert class field of E. Then P = [l]p is defined over 77, and we 
view it as a rational point of X P: h- By assumption, E is unramified at any v e £/. By 
Corollary 4.6, Xu,o H is Q-factorial. We will consider arithmetic intersections over Xu,o H ■ We 
will suppress the symbol U from the subscripts. For example, X’u,o H is written as X Qh . 

Denote by V the Zariski closure of P in Xq h . Then we have an arithmetic divisor 


V = (V,g P ), 

where the Green function g P = {gp >w } w: H-*c is the admissible Green function as in [YZZ, 
§7.1.5]. Denote by 0(P) the corresponding hermitian line bundle. By definition, 

!(u > = {h 7T] {P ’ p) = 

Denote by Co H tl ie base change of the arithmetic Hodge class L p = L from X to X Qh . It 
follows that 

M 1 ) = ■ F ] deg(A?Hb>)- 

So the goal is to prove 

-d^(0(P)\ v )+^(CoM = [H-.F]-Y l iv(lA)logN v . 

e e V 

Here we denote e = [Op ■ Op] for simplicity, which is also the ramification index ep of P. 
Rewriting the right-hand side according to places w of 77, the equality becomes 

deg (A4|p) = -^^(1,1) log N w . 

& W 

Here 

M = Co h ® 0(e~ 1 V) 
is a hermitian Q-line bundle on Xq h ■ 

Denote by M. and M the finite part and the generic fiber of M.. We first claim that there 
is canonical isomorphism 

Resp : M\p —>77. 

In fact, by definition, 

L = u) X /f® £bf((l - eq)Q). 

QtX(F) 

Then 

M = L h ® Oie'P) = uj XohIOh ® O(P) ® 0 O x (( 1 - e^)Q). 

QeX(F), Q*P 
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It follows that we have canonical isomorphisms 


M\p *(ux 0h io h ® C(P))|p >H. 

Here the second map is just the residue map 



u 


where u is any local coordinate of P in Xp, and 1 p denotes the section 1 of O(P). The map 
does not depend on the choice of u. 

By the residue map Resp : M\p -*■ H, we have an induced hermitian line bundle J\f = 
(A/ - , | ■ I) on Spec(Op). Here N denotes the image of M\-p in H, which is a fractional ideal 
of H, and the metric on J\f is determined by 


du 

u 


1 p 


(P), 


W : H -> C. 


Then we have 


deg (Ad|p) = deg(AA) = - ]T log || 11| w + Y, dim fcu; (J\f w / 0 Hw ) log N w . 

w:H->C. w \oo 

Here the second summation is over all non-archimedean places w of H, k w denotes the 
residue field of w, and dim^A f w /On w ) means - dim^O h w /~^ f w ) if A f w is contained in Oh w - 
However, we will see that J\f w always contains Oh w - 
The theorem is reduced to the local identities 

— log 111 w = -i w (P,P), w.H^C, 
e 

and 

dim fcto (A/" ju/ 0 Hw ) = -i w (P,P), w -\ oo. 

e 

We will that the ideas in different case are very similar even though the reductions are 
completely different. 


Archimedean case 

We first check the local identity for archimedean case, so w is an embedding H -» C. It 
restricts to an embedding v ■ F -> C. We have a uniformization 

X v (C) = B:\t)xB*(A f )/U. 

Here B = B(y) is the nearby quaternion algebra. Under the uniformization, the point P is 
represented by ( zo,t) for some t e E x (Af). The metric || • || w of 0(P) is given by 

-log |lp|| lu ([^, j3]) = iv([z,P], [zo,t]) 
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for any other point [z,/?] e X„(C) not equal to [z 0 ,£]. Here we recall from [ ZZ, §8.1] that 

iv([z, (3],\zo,t]) = lim s _ 0 Y rn s (z 0 ,-fz)l u (r 1 -f/3), 

i^u\bi 


where 


m s (z 0 ,z) = Q s 


\z ~ zq\ 2 \ 
21m(^ 0 )Ini(^) / 


Consider the covering map 


tt: Jj xB x (A f )/U—>X V (C). 

Here the left-hand side is just a countable disjoint union of f). Denote by P the point (zo,t) 
in this space, which is a lifting of P - [zo, t]. By the construction of the Hodge bundle, ti*L 
is canonically isomorphic to the sheaf fl 1 of holomorphic 1-forms on f) x B x (Af)/U. As a 
consequence, we have canonical isomorphisms 

(M| P ) C— >(n*M)\p = (7 t*L h ® , K*0{e~ 1 P))\p —► (fl 1 ® 0(P))\ P — >C. 


Here the last map is a residue map again, and the whole composition is exactly the base 
change to C of the original residue map Resp : M\p ->■ H. 

Let Q = (zi,t) be a point of 1 ) x B x (Af)/U, and Q = \_Z\,t\ be its image in the quotient 
X V (C). Consider the behavior as z\ approaches z 0 , which also means Q -»• P or Q -> P in 
the complex topology. Let z be the usual coordinate of f) c C, so that z - Zq gives a local 
coordinate at P in [) x B x (Af)/U. Then the second residue map gives 


( 

dz 

||1|U = hill 


Q-*P \ 

1 

O 


(Q) ■ 



Recall that the Petersson metric gives 


dz 

z-z 0 


(Q) 

Pet 


2 Im(^i) 
\Z1 - Zq\ ' 


On the other hand, the Green function 


-log ||lp|U(Q) 

=iv([zi,t],[z 0 ,t]) 

=lim s _> 0 Y m s (zo,'yzi)l u (t~ 1 ^t) 

7 ^u\B+ 

=e-m 0 (z 0 ,z 1 ) + lim s _ 0 Y m s {z 0 ^z l )l u {t~ l ^i). 
The definition has been extended to self-intersection as 


iv([z 0 ,t], [zo,t]) = lim s _> 0 Y m^zo^z^lu^ l ^i). 

7 e M u\{Bl-E *) 
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Hence, 


— log 111 to - lim [ m 0 (^ 0 ) Z\) - log 


Zl-^ZQ 


\Z 1 -zq\J e 


It remains to check that the limit on the right-hand side is exactly zero. 
Note that 

m o( z Oi z i) - Qo fl+ ^ ^ ^ 


By [GZ, II, (2.6)], 


It follows that 


2Im(zo)Im(zi) 


Q 0 (t) = —F( 1,1,2,—) - -log—. 
^ w t + 1 t + V 2 t-1 


2 Im(*i) 1, / 

mol^o, z i) - log | ^ _ ^ | = ^ log ( 1 + 


\zi - z op 


4Im(z 0 )Im(zi) 

which converges to 0 as z\ -*■ zq. This finishes the archimedean case. 


1 Im(^) 

2 ° S Im(z 0 ) ’ 


Non-archimedean case 

Let w be a non-archimedean place of H. Let v be the restriction of w to F. To prove 
the arithmetic adjunction formula, the key is the following geometric interpretation of the 
extended intersection i w (P,P ) = R(P,P). For convenience, denote by R - Oh y the integer 
ring of the completion Hf T of the maximal unramified extension of H w . 

Lemma 9 . 4 . Let U' = U V U' V be an open compact subgroup of B f with U’ v c U v normal. 
Consider the projection it : Xjj’,r %u,r- Denote by V an irreducible component of the 
divisor tt~ x V R on Xu',r- If U' v is small enough, then 

i w (P,P) = (^ 1 V R -eV', V). 

Here the pairing denotes the intersection multiplicity on the special fiber of Xfj, ri . 

In the lemma, the morphism tt is etale, so V must be a section of Xu>,r over R. The 
ramification index of P is e. Then the multiplicity of V in 7r~ 1 'P is e if U' v is small enough, 
so the intersection in the lemma is a proper intersection. The lemma can be viewed as a 
modified projection formula. We will prove it later, but let us first use it to finish the proof 
of the arithmetic adjunction formula. 

Recall that it is reduced to the local identity 

dim k w (Mw/0 Hw ) = -i w (P,P). 

e 

Here N denotes the image of M\v under the residue map 

Resp : M\p—>H 
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As in the archimedean case, we will use have a different interpretation of the residue 
map. Let 7r: Xjj',r A 'u,r and V be as in the lemma. Denote by P' the generic hber of V. 
By the dehnition of the Hodge bundle, we have canonical isomorphisms 


7T*L, 


U,H* 


1 U',H\ 


r/HZ 


7 PC 


U,R - >U, X V , R /R- 


Thus we have canonical isomorphisms 


(M\p) ® H —►(jt*® rO(e- l P)) |r—® 0(P'))\ 


^ U UT 
ttyj * 


Here the last map is a residue map again, and the whole composition is exactly the base 
change to of the original residue map Resp : M\p -*■ H. 

The computation is to track the change of integral structures of the composition. The 
composition has the integral version 


(-Ad|p) <b> 0h R —>( 7 t*C U}R ® 7 r*0(e 1 V))\-p> -*■ (wx v , r /r ® — *R- 

The first arrow is an isomorphism by dehnition, and the last arrow is an isomorphism by 
the adjunction formula on Xjj\r- The dashed arrow in the middle may only be well-defined 
map after base change to H^f, but we write it this way to track the change of the integral 
structure. Thus din \k w (N w tO h w ) is equal to the dimension of the quotient of two sides of 
the dashed arrow. Tensoring with (n*C u,r\v)®^~ 1 \ the dashed arrow becomes 

7 PO{e x V)\v -* 0(T')\ V ,. 


Tensoring with 7r *0(-e 1 'P)|p', it further becomes 

O v , ->0(V' 


Note that e 1 n*V - V is an effective divisor. The real map should be the inverse direction 

0{V' - e~ lr K*V)\-p' — >0-pr. 


The image of the last map is the restriction of the ideal sheaf of e lr K*V - V to V, so the 
cokernel of the map has dimension exactly equal to the intersection number 

(0{e~ l 'K*V - V', V). 


Hence, 


dim lw (AC/0 H J = (0(e l n'V - V, V). 


By Lemma 9.4, it further equals 

-i w {P,P). 

e 

This finishes the proof of the adjunction formula. 
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Proof of the lemma 

Here we prove Lemma 9.4. Let U' = U V U' V be as in the lemma. Recall that if v is nonsplit 
in E , 


iv([l]u', [!][/') = E m (7> 1 ) 1 c/'”(7)- 

7 £fj, u i\(B x -E x nU') 


Here R = B(v). Here the multiplicity function m: B* x E x M*/U v -> Q takes the same form 
for U and U'. The key is the following result. 

Lemma 9.5. If v is nonsplit in E, then hj([l][/u [!][/') =0 if U' v is small enough. 

Proof. Note that 771(7, 1)> as a function in 7, is supported on an open compact subgroup W v 
of B*. In fact, by 5(7) € Of , we can take W v = Of if v is nonsplit in B , and LR, still exists if 
v is split in B by Lemma 8.8. Then 7 contributes to the summation only if 7 e B x n W. Here 
we write W = W V U' V as a open compact subgroup of B x (Af). Since B is totally definite, 
pw has finite index in B x n W. Let S be set of representatives of the nontrivial cosets of 
B x n W / nw- Shrinking U’ v if necessary, we can keep p.w invariant, but make S n U ,v empty. 
Hence, we end up with B x n W = nw- If follows that B x n W c E x n U'. Then the sum for 
h)([l]t/'i [!][/') has no nonzero terms. □ 

Now we prove Lemma 9.4. By the right multiplication of U on Xu>. it is easy to see that 
the Galois group of Xjji -> Xu is isomorphic to U/(U'nu)- It follows that 

jr- , (r>) = 7r- 1 ([i] [/ )= y [P]w ° r 1 . £ ft. 

PeUKU'nu) Ihu ■ hU'\ pzU/U' 

Denote P' -\l]w, and we can assume that V is the Zariski closure of P' since the intersection 
multiplicity in the lemma does not depend on the choice of V by the action of the Galois 
group of X V ' ->■ Xu- Assume that U' satisfies Lemma 9.5; i.e., iy(P',P r ) = 0. Then 

{ti^V - eV\ V) = ivin^P - eP', P') = P') 

It is reduced to check 

U(n~ 1 P,P')=U(P,P). 

Here both sides use our extended definitions. It is straightforward by the expression of 
7 r _1 (P) above. 

We first assume that v is nonsplit in E. Recall that for any (3 e Mf, 
iv([P]u',[i]u’)= E ^(7,/5; 1 )lf/-((^) _1 7)- 

'y£fi u ,\(B x -E x n/3 v U v ) 
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Then 


1 


ivi ^ 1 P, P') 


[hu '■ hw] 


E iv([P]u', [!]{/') 

PeU/U' 


7-—-—T E E m( 7,l)l^(/3 x 7 ) 

LW • W'J /3eU v /U' v 'ye l j, u ,\(B x -E x nU v ) 


7—:—r E 771(7,1)1^(7) 

LMC/ • h-C/'J 'yz[j, u ,\(B x -E x nU v ) 

iv(P,P). 


This finishes the nonsplit case. 

It remains to treat the case that v is split in E. In this case, Lemma 9.5 is automatic, 
since iy(P',P r ) = 0 is actually true for any U'. The proof is similar to the nonsplit case by 
the formula 


iv([ 0 ]u',[ l ]u') = E m 0 (7 1 ^)l [/.(/3 x 7). 

'ytfi u r\(E x -l3 v U v ) 

It is also similar to the second half of the proof of Lemma 8.4. An interesting consequence 
is that both sides of Lemma 9.4 are 0. 
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